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Abstract
We consider topological T -duality of torus bundles equipped with S1-gerbes. We
show how a geometry on the gerbe determines a reduction of its band to the subsheaf
of S1-valued functions which are constant along the torus fibres. We observe that
such a reduction is exactly the additional datum needed for the construction of a
T -dual pair. We illustrate the theory by working out the example of the canonical
lifting gerbe on a compact Lie group which is a torus bundles over the associated
flag manifold. It was a recent observation of Daenzer and van Erp [Dv12] that for
certain compact Lie groups and a particular choice of the gerbe, the T -dual torus
bundle is given by the Langlands dual group.
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1 Introduction
Topological T -duality is a relation between torus bundles equipped with a twist. In the
present paper we determine which choice of geometric data can be used to define T -duals
in a functorial manner.
We work in stacks on smooth manifolds and realize twists as gerbes with band S1, the
sheaf of smooth S1-valued functions. Over the total space of a torus bundle the sheaf
S1 has the subsheaf of functions which are constant along the fibres. We observe that a
reduction of the band of the twist to this subsheaf is exactly the datum needed to define
a T -dual. Furthermore, the gerbe with the reduced band must be trivializable along the
fibres. In the present paper we analyse when a geometry on the original gerbe induces such
a reduction, and under which additional conditions this reduction is fibrewise trivializable.
As an example we work out in detail the case of lifting gerbes and consider in particular
the case of compact Lie groups as total spaces of torus bundles over their flag manifolds.
In order to put the paper into a context, we start this introduction with a review of T -
duality, and then explain our results in greater detail. Consider an n-dimensional torus
T , a T -principal bundle E → B and a twist H → E. Depending on the set-up, twists are
realized alternatively by
1. a bundle H → E with fibre K(Z, 2) classified by a map E → K(Z, 3), where K(Z, n)
is an Eilenberg-MacLane space,
2. gerbes H → E with band S1, the sheaf of S1-valued functions,
3. bundles H → E of algebras of compact operators.
In all cases the equivalence class of a twist H → E is determined by a class [H → E] ∈
H3(E;Z). The datum
H → E → B
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is called a pair.
Topological T -duality is a relation between two such pairs
H → E → B , Hˆ → Eˆ → B
over the same base B. We use the term “topological” since only the topology of these
objects matters. Topological T -duality models the underlying topology of a geometric
T -duality. The term T -duality is motivated from string theory where a pair with ad-
ditional geometric structures is considered as a background for a certain type of string
theory. Its T -dual considered as a background of a different string theory should produce
a physically equivalent theory. These string theoretic considerations predict isomorphisms
between topological invariants of the T -dual pairs H → E → B and Hˆ → Eˆ → B, most
prominently between their twisted real cohomology and twisted K-theory. We refer to
the literature cited below for more information on the physical background.
The first instance of topological T -duality has been considered in [BEM04a], [BEM04b],
[BHM04], [BHM05]. In these papers the concept of T -duality was based on a differential
form level consideration of the T -duality isomorphism for the twisted de Rham cohomol-
ogy. In particular it has been observed for the first time that the presence of the twist
H → E influences the topology of the dual T -bundle Eˆ → B.
In order to establish the T -duality isomorphism in twisted K-theory in [BS05], [BRS06],
[BSS11] the first author and coauthors introduced, in increasing generality, a concept of
T -duality based on the notion of a T -duality triple. A T -duality triple is a diagram of the
form
H ×B Eˆ
{{ %%
E ×B Hˆ
##yy
u
oo
H
##
E ×B Eˆ
&&xx
Hˆ
{{
E
&&
Eˆ
xx
B
which includes the two pairs on the left- and right-hand sides, and where the map u
of S1-banded gerbes must satisfy a ‘Poincare´ bundle condition’. For details we refer to
[BRS06, Definition 2.8], [BSS11, Definition 4.1.3].
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Definition 1.1. A pair Hˆ → Eˆ → B is topologically T -dual to a pair H → E → B if it
fits into a T -duality diagram as above.
Given the pair H → E → H the natural problem is now to classify its extensions to
T -duality triples and the possible dual pairs. If n = 1, then there is always a uniquely
determined dual, but for n ≥ 2 there are obstructions against the extension to a T -duality
triple, and if such extensions exists, they depend on additional choices. The classification
problem is solved in [BRS06].
There is an alternative approach to topological T -duality via non-commutative topology
[MR05],[MR06b], [MR06a]. In this case one realizes the twist H → E as a bundle of C∗-
algebras and considers E as the prime ideal spectrum of the algebra of sections C(E,H).
Let T˜ → T be the universal covering of the torus. In order to define a T -dual one must
lift the T -action on E to a T˜ -action on C(E,H). The T -dual, if it exists, is then defined
as the prime ideal spectrum of the cross product, i.e. by C(Eˆ, Hˆ) ∼= C(E,H)o T˜ .
It has been verified in the thesis of A. Schneider [Sch07] that the classification of classical
T -duals via non-commutative topology is equivalent to the classification via T -duality
triples. Advantages of the non-commutative topology approach are that it yields the T -
duality isomorphism in twisted K-theory naturally as Connes’ Thom isomorphism and
also produces exotic T -duals in non-commutative topology if classical T -duals do not exist.
Moreover, the cross product gives an explicit and functorial construction of T -duals.
One can consider extensions of the theory which incorporate additional automorphisms,
group actions, or torus actions with fixed points, see [BS06], [Pan08], [Dae09], [Sch09],
[Pan12]. These papers mostly consider the non-commutative topology approach. In the
topological context much of this theory can be subsumed by working in the context of
topological stacks as in [BSS11].
Let us now consider the question which additional structures on the pair H → E → B
determine a T -dual or its extension to a T -duality triple. In [BRS06] (see also Theorem
8.4) we explain the choice of cohomological data which characterize the T -dual up to
equivalence. But this data is not sufficient for an actual construction of the T -dual.
In the non-commutative topology approach the choice of a lift of the T -action on E to a T˜ -
action on C(E,H) allows an actual construction of a T -dual. Similarly, in the topological
context the choice of the structure of a torsor on H → B over a Picard stack allows to
construct the T -dual by a version of Pontrjagin duality for locally compact Picard stacks
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[BSST08]. This was motivated by analogous ideas in [DP08] in the context of algebraic
geometry.
In the present paper we describe a very natural choice of data which allows for a canonical
construction of the T -dual. Recall that H → E is a gerbe with band S1. This sheaf
contains the subsheaf S1sm/B of S
1-valued functions which are locally constant along the
fibres of E → B. The additional data is the choice of a S1sm/B-reduction H[ → E of
the gerbe H → E (Definition 2.4). The T -dual Hˆ then simply appears as the stack of
fibrewise trivializations of H[ → E, and Eˆ is the moduli space of Hˆ (Definition 6.1).
In particular, a T -dual exists if and only if the gerbe H → E admits a reduction which
is fibrewise trivializable. A more detailed explanation will be given in Section 6. This
constructive definition of the T -dual is functorial in the data. Therefore it allows to
transport additional structures like automorphisms or geometric data from H → E → B
to the dual side Hˆ → Eˆ → B. The idea that the T -dual is related to the fibrewise
trivializations of the original data has been around for a while but we did not know how
to make it precise in the differential-topological context.
In Section 2 we study the question of existence and classification of reductions H[ →
B. We will see that the obstructions and the classification of these reductions up to
equivalence fits completely with the classification of extensions of H → E → B to T -
duality triples in terms of cohomological data given in [BRS06].
A major part of the paper is devoted to the construction of a reduction H[ → E from a
geometry on H. Geometric gerbes with band S1 have been introduced in [Bry08], [Hit01],
or in [Mur96], [MS00] in the context of bundle gerbes. In Section 3 we give a definition of
a geometry on a gerbe using the language of stacks. As a motivating example, in Section
4 we make the induced geometry on a lifting gerbe explicit. This essentially amounts to
a translation of the results of [Gom03], [MS03], [Wal11] from the bundle gerbe picture
to the language used in the present paper. In Section 5 we give the construction of the
reduction H[ → E from a geometry on H → E. We show that every reduction can be
obtained in this way, and we analyse under which conditions these reductions are fibrewise
trivializable and hence good for T -duality.
In Section 7 we continue our example started in Section 4. We consider the canonical
geometric lifting gerbe over a compact Lie group and use the explicit knowledge of its
geometry in order to determine when the induced reduction is good for T -duality. The
final result is stated as Theorem 7.1.
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This work was partially triggered by the recent paper [Dv12] which observes that for a
particular choice of the twist H → K → K/T over a compact semisimple Lie group K
with only ADE-factors the T -dual is the underlying manifold of the Langlands dual group
KL. The authors of [Dv12] uses a concept of T -duality based on differential forms. In
Section 8 we put this into the context of our integral T -duality and precisely describe the
choice of the twist on K which yields the Langlands dual group as the T -dual.
Acknowledgement: We thank K. Waldorf guiding us through the literature about the ge-
ometry on lifting gerbes.
2 Classification of Reductions
In the present paper we use the language of stacks in smooth manifolds. A good intro-
duction is given in [Hei05], see also [BSS07] for details about the sheaf theory in this
framework.
We consider the site Mf of smooth manifolds with the pretopology of open coverings.
A manifold can via the Yoneda embedding be considered as a stack on Mf . An atlas
of a stack E on Mf is a map of stacks M → E from a smooth manifold M which is a
representable surjective submersion. A stack E on Mf is called smooth if it admits an
atlas.
The abelian category ShAb(B) of sheaves on a smooth stack B is the abelian category of
sheaves on the site Mf sm/B whose objects (M → B) are representable submersions from
manifolds to B (cf. [BSS07, 1.2.1]). We will often omit the structure map to B . If F is
a sheaf on Mf , then we often use the symbol F also for the restriction F|Mfsm/B in order
to simplify the notation.
Let E be a stack in Mf sm/B. The cohomology H
∗(E;F) of E with coefficients in a sheaf
F ∈ ShAb(B) is defined in terms of the derived functor of the evaluation functor
ShAb(E)→ Ab , F 7→ lim
(M→E)∈Mor(Mfsm/B)
F(M) .
Remark 2.1. If M → E is an atlas, then we can form a Lie groupoid M ×E M ⇒ M
and an associated simplicial manifold M• in Mf sm/B. If F is a sheaf on B, then we have
a spectral sequence
Ep,q1
∼= Hp(M q;F)⇒ Hp+q(E;F) (1)
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converging to the cohomology of E with coefficients in F . The differential d1 : Ep,q1 →
Ep,q+11 is derived from the simplicial structure of M
• in the usual manner.
In the following we recall a few elements of sheaf theory on stacks from [BSS07]. Let
i : ShAb(B)→ PShAb(B)
denote the embedding of sheaves into presheaves. A sheaf F ∈ ShAb(B) is called flabby if
it is acyclic for the functor i. If F ∈ ShAb(B) is flabby, then in (1) we have Hp(M q;F) = 0
for all p ≥ 1. Consequently the spectral sequence (1) degenerates at E2 for flabby sheaves.
By R we denote the sheaf of rings of smooth real-valued functions on Mf , i.e. we have
R(M) = C∞(M). If F ∈ ShAb(B) is a sheaf of R-modules, then it is flabby by the
existence of smooth partitions of unity.
Let pi : E → B be a representable submersion between smooth stacks. For (M → B) ∈
Mf sm/B the composition M ×B E → E → B is again an object of Mf sm/B. We consider
the functor pi∗ : Sh(B) → Sh(B) defined by pi∗(F)(M) := F(M ×B E). If F is a flabby
sheaf on B, then it is acyclic for the functor pi∗ ([BSS07, Lemma 2.30]).
Throughout the paper the symbol B will denote a proper smooth stack. Recall that a
smooth stack B is called proper if it admits an atlas M → B such that the Lie groupoid
M ×B M ⇒M is proper. Properness essentially says that the local stabilizer groups are
compact.
Remark 2.2. Smooth manifolds and orbifolds are examples of proper smooth stacks.
Another example is the stack BK of K-principal bundles for a compact Lie group K.
More general, if G is a Lie group (not necessarily compact) which acts properly on a
manifold M , then the quotient stack M/G is proper.
Our reason for assuming that B is proper is that in this case certain sheaves on B including
R are acyclic, see the proof of Lemma 2.6 for more details.
Assume that f : M → B belongs to Mf sm/B. Then the tangent bundle of M has an
integrable subbundle Fsm/BM ⊆ TM . If B is a smooth manifold, then the fibre of Fsm/B
at m ∈M is defined by
Fsm/B,mM := {X ∈ TmM | df(X) = 0} . (2)
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In order to interpret (2) if B is a smooth stack we proceed as follows. Let b : U → B be
an atlas of B. Then we get a Lie groupoid U ×B U ⇒ U representing B. Its Lie algebroid
is the vector bundle
L := e∗ ker(dpr0 : T (U ×B U)→ TU) , (3)
where e : U → U ×B U is the diagonal. The differential dpr1 induces the anchor map, a
morphism of Lie algebroids a : L → TU . There exists a neighbourhood V ⊆M of m ∈M
such that f has a factorization f˜ over the atlas b. The technical definition of the fibre of
the subbundle (2) is the following:
Definition 2.3.
Fsm/B,m := {X ∈ TmM | df˜(X) ∈ a(L˜˜f(m))} .
One can check that this is independent of the choice of the atlas U → B. If B is smooth,
then we can take U = B and revover (2).
If A is an abelian Lie group, then we can define the sheaf A on Mf of smooth functions
to A. Its restriction to Mf sm/B contains the subsheaf Asm/B of sections which are locally
constant along Fsm/B. In detail this subsheaf is given by
Asm/B(M) := {f ∈ A(M) | df|Fsm/B = 0} . (4)
We write Aδ for the group A considered as a discrete group.
We consider a diagram of maps between smooth stacks on Mf sm/B
H[
  
r // H

E
, (5)
where H[ → E is a gerbe with band S1sm/B, and H → E is a gerbe with band S1.
Definition 2.4. We say that this diagram represents H[ → E as a S1sm/B-reduction of
H → E if r is a map of gerbes over E over the canonical inclusion of bands ι : S1sm/B → S1.
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An equivalence between two S1sm/B-reductions is a diagram
H[
r

a˜ // H[,′
r′

H
a //
  
H
}}
E
,
where a and a˜ are maps of gerbes with band S1sm/B and S
1 over E, respectively. We let
Red(H → E)
denote the set of equivalence classes of S1sm/B-reductions of H → E.
The main goal of the present section is to calculate the set Red(H → E) in cohomological
terms.
Let G ∈ ShAb(B) be a sheaf of abelian groups on a smooth stack B and pi : E → B be
a map of stacks. Then the equivalence class of a gerbe H → E with band G is classified
by a characteristic class [H → E] ∈ H2(E;G). In particular, the equivalence class of
H → E as a gerbe over E with band S1 is determined by the sheaf cohomology class
[H → E] ∈ H2(E;S1).
Similarly, the equivalence class of H[ → E as a gerbe over E with band S1sm/B is deter-
mined by the cohomology class [H[ → E] ∈ H2(E;S1sm/B). The map ι : S1sm/B → S1 of
sheaves induces a map
ι∗ : H2(E;S1sm/B)→ H2(E;S1)
of cohomology groups. The calculation of Red(H → E) of based on the following obser-
vation.
Lemma 2.5. The natural map
Red(H → E)→ H2(E;S1E/B) , (5) 7→ [H[ → E]
induces a bijection
Red(H → E) ∼= ι−1∗ ([H → E]) .
Proof.On the level of gerbes the map ι∗ can be realized by a construction called extension of
bands. It associates to a gerbe H[ → E with band S1sm/B the gerbe H[⊗BS1sm/B BS
1 → E
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with band S1. The latter comes with a natural map
i : H[ → H[ ⊗BS1sm/B BS
1
presenting H[ → E as a S1sm/B-reduction of H[ ⊗BS1sm/B BS
1 → E.
In order to show the assertion we construct an explicit inverse to the map Red(H →
E)→ ι−1∗ ([H → E]). We consider a class g ∈ ι−1∗ ([H → E]). If we choose a S1sm/B-gerbe
H[ → E with [H[ → E] = g, then we can find an equivalence of S1-gerbes on E
α : H[ ⊗BS1sm/B BS
1 ∼→ H .
We obtain a reduction
(H[
α◦i−→ H) :=
H[
  
α◦i // H

E
. (6)
We want to use this construction to define the desired inverse by
ι−1∗ ([H → E])→ Red(H → E) g 7→ [H[ α◦i−→ H] . (7)
We have to show that this assignment is well-defined, in particular independent of the
choice of α. Therefore let α′ : H[ ⊗BS1sm/B BS
1 ∼→ H be another choice of equivalence.
Then we get the diagram
H[
i

id // H[
i

H[ ⊗BS1sm/B BS
1 id //
α

H[ ⊗BS1sm/B BS
1
α′

H
α′◦α−1 //
''
H
ww
E
which shows that the reductions (H[
α◦i−→ H) and (H[ α′◦i−→ H) are equivalent. This shows
that the assignment (7) does not depend on the choice of α. The functoriality of the
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extension of bands H[ 7→ H[ ⊗BS1sm/B BS
1 then implies that (7) does also not depend on
the choice of gerbe H[.
Thus the map (7) is well-defined. Now we want see that it is indeed an inverse to the map
Red(H → E)→ ι−1∗ ([H → E]). Thus let [H[ r→ H] be in Red(H → E). The morphism
r induces an equivalence α : H[⊗BS1sm/B BS
1 → H. Then we have [H[ r→ H] = [H[ α◦i→ H]
in Red(H → E). The remaining case is obvious. 2
A pointed object of Mf sm/B is a pair (b, U) of an object U → B in Mf sm/B and a point
b ∈ U . Let F be a sheaf on B. For a cohomology class x ∈ H∗(E;F) we consider its
image
x(b,U→B) ∈ H∗(pi−1(b, U);F) := colimVH∗(V ×B E;F) , (8)
where V ⊆ U runs over the neighbourhoods of b. We define
F 1H∗(E;F) := {x ∈ H∗(E;F) | (∀ pointed objects (b, U) in Mf |sm/B : x(b,U) = 0)} .
We define the sheaf Ω∗sm/B of complexes on Mf sm/M whose evaluation on M → B is
the complex C∞(M,Λ∗F∗sm/BM) of leafwise forms. By Ω1sm/B,cl ⊆ Ω1sm/B we denote the
subsheaf of closed forms.
Let pi : E → B be a representable submersion. In order to calculate the cohomology
H∗(E; Ω1sm/B,cl) we use the resolution
Ω1sm/B → Ω2sm/B → . . . .
Lemma 2.6. For every k ∈ N the sheaf Ωksm/B ∈ ShAb(B) is acyclic.
Proof. Since Ωksm/B is a sheaf of R-modules it is flabby. Since pi is a representable
submersion the sheaf Ωksm/B is acyclic for pi∗. From the Leray-Serre spectral sequence for
pi we get an isomorphism
H∗(E; Ωksm/B) ∼= H∗(B; pi∗Ωksm/B) .
Note that pi∗Ωksm/B is again a sheaf of R-modules and hence flabby. Let U → B be an
atlas such that U ×B U ⇒ U is a proper Lie groupoid. Then using the fact that the
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spectral sequence (1) degenerates at E2 we get an isomorphism
H∗(B; pi∗Ωksm/B) ∼= H∗(pi∗Ωksm/B(U•), d1) .
We get
Hp(pi∗Ωksm/B(U
•), d1) = 0 , ∀p ≥ 1
from Lemma 9.1 applied to the following situation.
• The groupoid G is the groupoid U ×B U → U .
• The manifold M is U ×B E.
• The total space of the vector bundle V is U ×B Λk(L⊕T vpi)∗, where T vpi is the
vertical tangent bundle of M → U and L is the Lie algebroid, see (3).
• The complex (C∞(M•, V •), d) is then identified with (pi∗Ωksm/B(U•), d1).
2
Note that the full complex Ω∗sm/B is an acyclic resolution of Rsm/B. In particular we get
for all p ≥ 1 that
Hp(E; Ω1sm/B,cl)
∼= Hp+1(E;Rsm/B) . (9)
We now consider the exact sequence of sheaves on B:
0→ S1sm/B → S1 d log→ Ω1sm/B,cl → 0 .
This together with (9) gives a long exact sequence in cohomology
H1(E;S1)→ H2(E;Rsm/B)→ H2(E;S1sm/B)→ H2(E;S1) α→ H3(E;Rsm/B) . (10)
We define the subgroup
H2(E;S1)0 :=
{
x ∈ H2(E;S1) | α(x) ∈ F 1H3(E;Rsm/B)
}
.
The exponential sequence induces an exact sequence of sheaves on B
0→ Z→ Rsm/B → S1sm/B → 0 . (11)
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The first map in this sequence induces the map in the denominator on the right-hand side
of the following definition of the abelian group A(E/B):
A(E/B) :=
H2(E;Rsm/B)
im(H2(E;Z)→ H2(E;Rsm/B))
.
Theorem 2.7. Let E → B be a representable submersion between smooth stacks and
H → E be a gerbe with band S1. Then the following assertions hold true:
1. The set Red(H → E) is not empty if and only if [H → E] ∈ H2(E;S1)0.
2. If Red(H →M) is not empty, then it is a torsor over the group A(E/B)
Proof. We calculate Hp+1(E;Rsm/B) using the resolution Rsm/B → Ω∗sm/B. In the proof
of Lemma 2.6 we have seen that Rppi∗ΩkE/B vanishes for all p ≥ 1 and k ∈ N, and it is an
acyclic sheaf on B for p = 0. Using the Leray-Serre spectral sequence for pi we get the
isomorphism
Hp+1(E;Rsm/B) ∼= Rp+1pi∗Rsm/B(B) .
In particular, if we want to check that an element of Hp+1(E;Rsm/B) vanishes it suffices
to show that its stalks at the points of b vanish. This reasoning will be used below.
Let now x ∈ H2(E;S1). We have α(x) = 0 in R3pi∗Rsm/B(B) if and only if for all pointed
objects (b, U) in Mf sm/B we have α(x)(b,U) = 0, i.e. if and only if x ∈ H2(E;S1)0. In
view of (10) and Lemma 2.5 this proves Assertion 1.
Assertion 2. immediately follows from (10) and the commutativity of the diagram
H2(E;Z) // H2(E,Rsm/B)
H1(E;S1)
∼=
OO
// H1(E; Ω1sm/B;cl)
∼=
OO
.
The left vertical map is an isomorphism in view of the long exact sequence associated to
0→ Z→ R→ S1 → 0 (12)
since R is acyclic (Lemma 2.6 for k = 0.) 2
We now assume that H3(pi−1(b, U),Z) defined in (8) is torsion free for all pointed objects
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(b, U) of Mf sm/B. This assumption is satisfied in the case of particular interest, where
E → B is a principal T -bundle for a torus T ∼= (S1)n. Under this assumption the map
H3(pi−1(b, U);Z)→ H3(pi−1(b, U);R)
is injective and we get the left isomorphism in the diagram
H2(E;S1)0 //
∼=

H2(E, S1)
β ∼=

F 1H3(E;Z) // H3(E;Z)
.
We let
Red(H → E)0 ⊆ Red(H → E)
denote the subset of reductions such that the underlying gerbes H[ → E are trivial along
the fibres of E → B. Our next goal is to calculate the set Red(H → E)0. The answer will
be given in terms of the fine structure of the Leray-Serre spectral sequence for H∗(E;Z).
This spectral sequence (Er, dr) converges to the graded group E
p,q
∞ ∼= GrpHp+q(E;Z) with
respect to a decreasing filtration F ∗H∗(E;Z).
We first draw a consequence of the absence of torsion in the fibrewise cohomology.
Corollary 2.8. If in addition to the assumption of Theorem 2.7 the groups H3(pi−1(b, U);Z)
are torsion-free for all pointed objects (b, U) of Mf sm/B, then the set Red(H → E) is not
empty if and only if
β([H → E]) ∈ F 1H3(E;Z)
We have a natural map
σ : F 1H3(E;Z)→ E2,1∞ ⊆ H1(B;R2pi∗Z)
such that F 2H3(E;Z) = ker(σ). We further define the group
A(E/B)0 := R
2pi∗Z(B)/H2(E;Z) . (13)
By the Leray-Serre spectral sequence it fits into the exact sequence
0→ im(d0,23 : E0,22 → E3,02 )→ A(E/B)0 → im(d2 : E0,22 → E2,12 )→ 0 .
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Theorem 2.9. In addition to the assumption of Theorem 2.7 we assume that pi : E → B
is proper and that the groups H3(pi−1(b, U),Z) are torsion-free for all pointed objects (b, U)
of Mf sm/B. We further assume that Red(H → E) is not empty.
1. The set Red(H → E)0 is not empty if and only if β([H → E]) ∈ F 2H3(E;Z).
2. If Red(H → E)0 is not empty, then it is a torsor over a group A(E/B)0
Proof. We consider the class x := [H → E] ∈ H2(E;S1)0. By Theorem 2.7 we can
find a lift x˜ ∈ H2(E;S1sm/B) classifying a reduction in Red(H → E). The family of fibre
restrictions x(b,U) defined by (8) for all pointed objects (b, U) in Mf sm/B gives rise to a
section {x˜} ∈ R2pi∗S1sm/B(B). The reduction classified by x˜ belongs to Red(H → E)0 if
and only if {x˜} = 0.
We now use that E → B is representable and a proper submersion and hence a locally
trivial fibre bundle with compact fibres. For p ∈ N we have a locally constant sheaf
Rppi∗Rδ. It gives rise to a vector bundle V p → B with flat connection ∇V p (often called
Gauss-Manin connection) such that Rppi∗Rδ is the sheaf of parallel sections of V p. If
Vp denotes the sheaf of smooth sections of V p, then the map Rδ → Rsm/B induces an
isomorphism
Vp ∼→ Rppi∗Rsm/B . (14)
The map Z→ R induces maps of sheaves Rppi∗Z→ Rppi∗Rδ whose images in Vp we denote
by VpZ. The exponential sequence
0→ Z→ Rsm/B → S1sm/B → 0 (15)
induces a sequence of sheaves
0→ V2/V2Z → R2pi∗S1sm/B → R3pi∗Z .
By assumption the image of {x˜} in R3pi∗Z(B) ∼= Gr0H3(E;Z) vanishes so that we can
consider {x˜} ∈ (V2/V2Z)(B). We have an exact sequence
0→ V2Z(B)→ V2(B)→ V2/VZ(B) σ˜→ H1(B;R2pi∗Z) .
Now we observe that
σ˜({x˜}) = σ(x) .
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Hence {x˜} admits a lift to a section λ ∈ V2(B) ∼= R2pi∗Rsm/B if and only if σ(x) = 0.
Let us now assume that σ(x) = 0 and let [λ] ∈ A(E/B) be the class of such a lift λ.
Then we form the class x˜′ := x˜− [λ] ∈ Red(H → E). By construction we have {x˜′} = 0.
Hence x˜′ ∈ Red(H → E)0. This shows that first assertion.
Assume now that x˜ ∈ Red(H → E)0 and λ ∈ V2(B). Then x˜ + [λ] ∈ Red(H → E)0
if and only if σ([λ]) = σ˜(λ) = 0, i.e. λ ∈ V2Z(B). We conclude that Red(H → E)0 is a
torsor over the group A0(E/B) ∼= V2Z(B)/H2(E;Z). 2
3 Geometry on gerbes
We consider a gerbe H → E with band S1. The goal of this subsection is to describe the
axioms for a geometry on H. If W → E is some stack over E, then in order to simplify
the notation we introduce the abbreviation
W iE := W ×E . . . · · · ×E W︸ ︷︷ ︸
i times
for the i-fold product of W with itself over E. The subscript in the notation
pri1...ik : W
n
E → W kE
for the projection indicates in the standard manner on which factors it projects.
Note that H can be considered as the total space of a S1-principal bundle
H ∼= H ×H H → H ×E H = H2E .
In this case we use the symbol L in order to denote this circle bundle as well as its total
space. The composition of morphisms is encoded in isomorphisms
θ : pr∗12L⊗ pr∗23L→ pr13L
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over H3E which satisfies the cocycle condition
pr∗134θ ◦ (pr∗123θ ⊗ pr∗34idL) = pr∗124θ ◦ (pr∗12idL ⊗ pr∗234θ) .
Definition 3.1. A geometry on a S1-gerbe H → E consists of
1. a Ω1-torsor Hgeom → H,
2. a connection ∇ on the S1-principal bundle Lgeom → Hgeom,2E defined by pull-back
Lgeom //

L

Hgeom,2E
// H2E
,
3. a map ω : Hgeom → Ω2 called curving.
These data must satisfy the following conditions:
1. The pull-back of θ to Hgeom,3E is parallel with respect to the connection induced by ∇.
2. We have pr∗1ω − pr∗2ω = R∇, where R∇ ∈ Ω2(Hgeom,2E ) denotes the curvature of ∇.
3. For t, t′ ∈ Hgeom(M) mapping to the same object in E(M) and β, β′ ∈ Ω1(M) we
have
∇t+β,t′+β′ ∼= ∇t,t′ + β − β′ , (16)
where ∇t,t′ is the connection induced on the S1-principal bundle
L(t, t′) := (t, t′)∗Lgeom →M .
4. For t ∈ Hgeom(M) and β ∈ Ω1(M) we require that ω(t+ β) = ω(t) + dβ.
A geometric gerbe is a gerbe with a geometry.
Let t 7→ t¯ denote the projection Hgeom(M) → H(M). If β ∈ Ω1(M) and t ∈ Hgeom(M),
then t + β ∈ Hgeom(M) comes with a distinguished isomorphism t¯ → t+ β. Implicitly,
these isomorphisms are used in order to interpret (16). For a pair of sections t, t′ ∈
Hgeom(M) and a morphism u : t¯→ t¯′ we can define the form ∇t′,t log u ∈ Ω1(M).
The curvature of the geometry is the form λ ∈ Ω3(E) which is locally given by dω(t) for
any section t of H.
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Remark 3.2. The notion of a geometry on a gerbe with band S1 has been discussed
in [Bry08], [Hit01], and in [Dv12] in the bundle gerbe language. For brevity we will
explain the comparison of our definition with [Hit01]. We assume that E is a manifold.
In Hitchin’s picture [Hit01] a geometric gerbe was presented with respect to an open
covering U := (Uα)α∈I of E in terms of
1. a collection of S1-principal bundles (Lα,β,∇Lα,β → Uα,β)(α,β)∈I2 with connection on
double intersections,
2. a collection of bundle isomorphisms (θα,β,γ : Lα,β ⊗ Lβ,γ → Lα,γ)(α,β,γ)∈I3 on triple
intersections which preserve connections and satisfy the cocycle condition
θα,γ,σ ◦ (θα,β,γ ⊗ idLγ,σ) = θα,β,σ ◦ (idLα,β ⊗ θβ,γ,σ)
on quadruple intersections,
3. and a collection of two-forms (ωα ∈ Ω2(Uα))α∈I such that on double intersections
we have ωα − ωβ = R∇L(α,β).
This data can be derived from a geometry in the sense of Definition 3.1 as follows. We
choose sections tα ∈ H(Uα) for all α ∈ I. Since Ω1 is a fine sheaf we have H1(Uα; Ω1) = 0.
Hence the Ω1-torsor t∗α(H
geom)→ Uα is trivial and we can choose sections tˆα ∈ Hgeom(Uα)
that refine the tα. We get S
1-principal bundles Lα,β := L(tα, tβ) with connection ∇tˆα,tˆβ .
We further have isomorphisms θα,β,γ := (tα, tβ, tγ)
∗θ. Finally we set ωα := ω(tˆα) ∈
Ω2(Uα).
Conversely one can associate a geometry in the sense of Definition 3.1 to a Hitchin gerbe,
or more generally to a bundle gerbe with connection. In the construction we use the fact
that there is a 2-stack Grb∇ which associates to every smooth manifold M a 2-groupoid
Grb∇(M) of gerbes with connection on M as e.g. established in [Wal07] or [Bry08]. We
do not go into the details but only note the following key facts:
• For every 2-form ω ∈ Ω2(M) there is a topologically trivial gerbe called Iω ∈
Grb∇(M)
• Every S1-principal bundle (L,∇) with connection induces a morphism f(L,∇) : Iω →
Iω+R∇ in Grb∇(M). In particular, since a differential form α ∈ Ω1(M) can be
considered as a connection on the trivial S1-bundle, it induces an automorphism
fα := f(M×S1,d+α) : Iω → Iω+dα.
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• The assignment (L,∇) 7→ f(L,∇) extends to an equivalence between the category of
S1-bundles with connection of fixed curvature and connection preserving morphisms
and the category of morphisms between the corresponding gerbes with connection.
We consider a gerbe with connection G ∈ Grb∇(E) such that its underlying gerbe Gtop is
identified with H. More precisely, H(M) is the groupoid given as follows:
• Objects are pairs (f, φ), where f : M → E is a smooth map and φ : f ∗Gtop → Itop
is an isomorphism to the trivial topological gerbe Itop on M
• A morphism (f, φ) → (f ′, φ′) can only exist if f = f ′, and in this case it is a
2-morphism φ⇒ φ′.
Note that the transition bundle L on H2E is the bundle which corresponds to the auto-
morphism
Itop pr
∗
1φ
−1
−−−−→ s∗Gtop pr
∗
2φ−−→ Itop
where s denotes the projection morphism H2E → E. We now define the stack Hgeom
which associates to M the groupoid Hgeom(M) as follows:
• Objects are triples (f, ω, ϕ) with f : M → E a smooth map, ω ∈ Ω2(M) and
ϕ : f ∗G → Iω a morphism in Grb∇(M).
• A morphism (f, ω, ϕ) → (f ′, ω′, ϕ′) in Hgeom(M) can only exist if f = f ′, ω = ω′,
and in this case it is a 2-morphism ϕ⇒ ϕ′ in Grb∇(M).
We now indicate how Hgeom carries all the structure of a geometry. The action of Ω1 on
Hgeom is provided by post composition: α · (f, ω, ϕ) := (f, ω+ dα, fα ◦ϕ). The morphism
Hgeom → H is the obvious forgetful map, and the map Hgeom → Ω2 is given by the
projection (f, ω, φ) 7→ ω. Finally the pullback of the transition bundle to Hgeom,2E refines
to a morphism
Iω1
pr∗1ϕ
−1
−−−−→ s∗G pr
∗
2ϕ−−→ Iω2
in Grb∇(Hgeom,2E ) between Iω1 and Iω2 . Thus it can be identified with a bundle with
connection. One can then check that these data establish a geometry.
Our motivation to work with the Definition 3.1 of a geometry is that this structure arises
naturally in the example of a lifting gerbe discussed in Section 4 and allows the simple
construction of the reduction in Section 5.
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Remark 3.3. The stack H → E has a presentation as Hgeom/Ω1. We think of Hgeom as
the “minimal atlas” for H on which the curving ω is defined. Note that a typical model
for the Ω1-torsor Hgeom → H the sheaf of connections on some S1-principal bundle over
H. From a more structural point of view one can consider Hgeom → E as a torsor over
the Picard stack BS1∇ of S
1-principal bundles with connections.
In order to compare gerbes with geometries we introduce the notion of a morphism be-
tween geometric gerbes. We first introduce some notation. Let
H
f //
  
H ′
~~
E
be a morphism of gerbes over E with band S1. Then we get a S1-bundle
Q(f) := (f, idH′)
∗L′ → H ×E H ′
together with isomorphisms
µ : pr∗12Q(f)⊗ pr∗23L′ ∼→ pr13L′ , ν : pr∗12L⊗ pr∗23Q(f) ∼→ pr∗13Q(f)
of S1-principal bundles on H ×EH ′×EH ′ and H ×EH ×EH ′ which are compatible with
the composition maps θ and θ′ in the obvious manner. If the two gerbes have a geometry
and F : Hgeom → Hgeom,′ lifts f , then
Qgeom(f) := (F, idHgeom,′)
∗L′,geom ∼= prH×EH′Q(f)→ Hgeom ×E H ′,geom
has an induced connection ∇f such that µ is parallel.
Definition 3.4. An equivalence between geometric gerbes
(f, F ) : (Hgeom → H,ω,∇)→ (H ′,geom → H ′, ω′,∇′)
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consists of a commutative diagram of maps of stacks
Hgeom
F //

H ′,geom

H
f //
##
H ′
{{
E
,
where f is a morphism of gerbes over E with band U(1), and F is a morphism of Ω1-
torsors over f such that
1. ν induces an isomorphism of S1-principal bundles with connection
pr∗12L
geom ⊗ pr∗23Qgeom(f) ∼→ pr∗13Qgeom(f)
on Hgeom ×E Hgeom ×E Hgeom,′,
2. one H ×E H ′ we have the identity of forms
pr∗H′ω
′ − pr∗Hω = R∇
f
.
Remark 3.5. Using the comparison to other pictures of geometric gerbes as sketched in
Remark 3.2 one can check that our notion of a geometric gerbes is equivalent the other
pictures [Bry08], [Hit01] and [Mur96]. This shows in particular that equivalence classes
of geometric gerbes are classified by the differential cohomology group ĤZ
3
(E).
4 The induced geometry on the lifting gerbe
The details of the definition of a geometric gerbe given in Section 3 were motivated by
the example of the geometry on lifting gerbes. Using a different language, the geometry
on lifting gerbes has been thoroughly discussed e.g. [Gom03], [Wal11], [MS03]. In the
present section we formulate these results in the language introduced in Section 3 and
introduce the notation necessary for calculations in later sections.
We consider a central extension of Lie groups (see Remark 4.1 for the infinite-dimensional
case)
0→ U(1)→ Ĝ→ G→ 0 .
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Our typical example is the central extension of the loop group of a compact Lie group
which will be further discussed in Section 7.
Remark 4.1. In the context of the present paper the technical way to deal with infinite
dimensional groups of mappings like G := C∞(S1, K) for a finite dimensional Lie group
K is to consider it as a sheaf of groups G on Mf using the exponential law, i.e. G(M) =
C∞(M × S1, K). In order to simplify the presentation we will not use this language in
the following section.
Let P → E be a G-principal bundle. It determines a lifting gerbe H → E with band
S1. For a smooth manifold M the groupoid H(M) is the groupoid of pairs (φ, Pˆ → φ∗P )
of a map φ : M → E and a Ĝ-reduction Pˆ → φ∗P of the G-principal bundle φ∗P . For
t ∈ H(M) we write φ(t) for the underlying map M → E, P (t) for φ(t)∗P , and Pˆ (t) for
the total space of the corresponding Ĝ-principal bundle.
Our goal is to explain how geometric structures on the bundle P induce a geometry on
the lifting gerbe H → E. We essentially translate the construction first given by [MS03],
[Gom03], [Wal11] from the language of bundle gerbes into the present picture.
The central extension of Lie groups induces a central extension of Lie algebras
0→ R ι→ ĝ τ→ g→ 0 .
We let σ : ĝ → R be a left-inverse of ι. The choice of σ gives rise to a decomposition of
vector spaces
ĝ ∼= R⊕ g .
As an abbreviation we will write a⊕σX for the element in ĝ corresponding to (a,X) ∈ R⊕g
under this isomorphism. Note that the adjoint action of Ĝ on ĝ factors over G. Following
[MS03], [Gom03, Definition 3.15], [Wal11] we make the following definitions
Definition 4.2. A splitting is map
L : P × ĝ→ R
which is linear in the second variable and satisfies
L(pγ, Âd(γ−1)X) = L(p,X) , ∀γ ∈ G ,∀X ∈ ĝ ,∀p ∈ P
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and
L(p˜, ι(r)) = r , ∀r ∈ R ,∀p˜ ∈ P . (17)
Theorem 4.3 ([Gom03], [Wal11], [MS03]). The choice of a section σ, a connection α
and a splitting L naturally determines a geometry on H → E.
Proof. We only explain the construction of the data of a geometry according to Def-
inition 3.1. The verification of the conditions are straightforward differential geometric
calculations which are very similar to those given in the references.
1. We first construct the torsor Hgeom → H. Let p : P̂ → P be a Ĝ-reduction of P .
We say that a principal bundle connection αˆ ∈ Ω1(P̂ ) extends α if it satisfies the
relation τ(αˆ) = p∗α. For a manifold M we define Hgeom(M) to be the groupoid of
pairs (t, αˆ) of a Ĝ-reduction Pˆ (t)→ φ(t)∗P of bundles over M and a connection αˆ
on Pˆ which extends φ∗α. The set of morphisms
HomHgeom(M)((t, αˆ), (t
′, αˆ′)) ⊆ HomH(M)(t, t′)
is the subset of connection preserving isomorphisms of reductions. The Ω1-torsor
structure is given by
(t, αˆ) + β := (t, αˆ + ι(pr∗Mβ)) .
2. Next we construct the connection ∇ on the bundle L → Hgeom,2E . It suffices to de-
scribe the connection∇((t, αˆ), (t′, αˆ′)) associated to a pair of sections ((t, αˆ), (t′, αˆ′)) ∈
Hgeom,2E (M). We first provide a description of the bundle L(t, t
′)→M . We consider
the product
Pˆ (t)⊗ Pˆ (t′) := Pˆ (t)×P (t),U(1) Pˆ (t′) ,
where U(1) acts on Pˆ (t′) with the opposite action. The natural map
Pˆ (t)⊗ Pˆ (t′)→ P (t)
has the structure of an U(1)-principal bundle. The diagonal action of Ĝ induces a
free action of G. The quotient is the U(1)-principal bundle
L(t, t′) := Pˆ (t)⊗ Pˆ (t′)/G→M . (18)
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Let now (t, αˆ) ∈ Hgeom(M). We define a form in θ(t) ∈ Ω1(Pˆ (t)) by
θ(t, αˆ) := σ(αˆ(t)) .
This is a connection one-form for the U(1)-bundle Pˆ (t)→ P (t). Note that in view
of (17) we have for β ∈ Ω1(M) that
θ((t, αˆ) + β) = θ(t) + pr∗Mβ .
The descent of the difference
pr∗
Pˆ (t)
θ(t)− pr∗
Pˆ (t′)θ(t
′) ∈ Ω1(Pˆ (t)×P (t) Pˆ (t′))
to a form δ(t, t′) ∈ Ω1(Pˆ (t) ⊗ Pˆ (t′)) exists and is a connection one-form on the
U(1)-bundle Pˆ (t) ⊗ Pˆ (t′) → P (t). By a straightforward calculation one can show
that it is Ĝ-invariant and consequently further descends along the quotient (18) to
a connection one-form δ((t, αˆ), (t′, αˆ′)) ∈ Ω1(L(t, t′)). We define ∇(t,αˆ),(t′,αˆ′) to be
the corresponding connection on L((t, αˆ), (t′, αˆ′)).
3. We finally provide the curving ω. It again suffices to describe the forms ω(t, αˆ) for
sections (t, αˆ) ∈ Hgeom(M).
The map σ is not G-equivariant. This is reflected by the map
Zσ : G× g→ R , Zσ(γ,X) := σ(Âd(γ)(0⊕σ X)) , γ ∈ G , X ∈ g . (19)
The datum of a splitting L is equivalent to a map (called reduced splitting in [MS03,
Definition 5.3], [Gom03, Definition 3.12])
lσ : P × g→ R (20)
which is linear in the second argument and satisfies
lσ(pγ, Ad(γ
−1)X) = lσ(p,X)− Zσ(γ−1, X) , ∀γ ∈ G , ∀X ∈ g ,∀p ∈ P (21)
The relation between L and lσ is given by
lσ(p,X) = L(p, 0⊕σ X) . (22)
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Let
Ω(α) := dα + [α, α]
denote the curvature form associated to a connection one-form α. It turns out that
the form
σ(Ω(αˆ)) + pr∗P lσ(Ω(α)) ∈ Ω2(Pˆ (t)) . (23)
is horizontal and Ĝ-invariant. The curving ω(t, αˆ) ∈ Ω2(M) is uniquely determined
by the condition that
pr∗Mω(t, αˆ) = σ(Ω(αˆ)) + pr
∗
P lσ(Ω(α)) ∈ Ω2(Pˆ (t)) . (24)
2
One can calculate the curvature λ ∈ Ω3(E) by calculating the derivative dω(t) ∈ Ω3(M)
for sections (t, αˆ) ∈ Hgeom(M). Let d1lσ ∈ Ω1(P )× g∗ denote the partial derivative of lσ
with respect to the first variable. We get for p ∈ P and horizontal vectors X, Y, Z ∈ T hp P
pr∗Mλ(X, Y, Z) (25)
= (d1lσ)(X,Ω(α)(Y, Z))− (d1lσ)(Y,Ω(α)(X,Z)) + (d1lσ)(Z,Ω(α)(X, Y )) .
From general principles it is clear that S1-principal bundles with connection act on geo-
metric gerbes. In the example of the lifting gerbe it is easy to make this action explicit.
Theorem 4.4. A S1-principal bundle with connection S → M naturally induces a mor-
phism
(f, F ) : (Hgeom → H,ω,∇)→ (Hgeom → H,ω +RS,∇)
of geometric gerbes in the sense of Definition 3.4.
Proof.
1. The map of stacks f : H → H sends t := (φ, Pˆ (t)→ φ∗P ) to f(t) := (φ, Pˆ (t)⊗U(1)
S → φ∗P ). On morphisms it acts in the obvious manner.
2. The lift F sends (t, αˆ) to (f(t), αˆ+U(1)pr
∗
Sι(ϑ
S)), where ϑS ∈ Ω1(S) is the connection
one-form on S and αˆ+U(1)pr
∗
S is a shorthand for the descent of the form pr
∗
1αˆ+pr
∗
Sϑ
S
along the projection Pˆ (t)×M S → Pˆ (t)⊗U(1) S.
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25 Reduction via geometry
We consider a representable submersion pi : E → B over a proper smooth stack B and a
gerbe H → E with band S1. In this section we explain how a geometry on H determines
a reduction as introduced in Definition 2.4.
The restriction of the de Rham complex Ω∗ to Mf sm/B has a decreasing filtration F ∗Ω∗
which in the evaluation on an object (M → B) ∈Mf sm/B is given by
F pΩn(M) =
{
ω ∈ Ω∗(M) |
(
∀m ∈M ∀(X1, . . . , Xn−p+1) ∈ (Fsm/B,mM)×n−p+1 |
ιX1 . . . ιXn−p+1ω(m) = 0
)}
.
Here Fsm/BM ⊆ TM is the integrable subbundle introduced in (2). Note that this
filtration induces the Leray-Serre spectral sequence for H∗(E;Rδ). In particular, elements
in F 1Ωn(M) are forms which become trivial when restricted to fibres.
Remark 5.1. One should not confuse Ω∗ with the fibrewise de Rham complex Ω∗sm/B
introduced in Section 2. The two complexes are related by a restriction map Ω∗ → Ω∗sm/B.
Theorem 5.2. We assume that the gerbe H is a equipped with a geometry as in Definition
3.1 whose curvature satisfies λ ∈ F 1Ω3(E). Then we can define a canonical reduction
H[

a // H

E

∈ Red(H → E) .
Proof. The geometry provides the Ω1-torsor Hgeom → H, the curving ω ∈ Ω2(Hgeom),
and the bundles L(t, t′)→ M with connections ∇(t, t′) for pairs of sections t, t′ ∈ H(M)
over the same object of E(M).
Definition 5.3. Let M → B be in Mf sm/B.
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1. A section t ∈ Hgeom(M) is called fibrewise flat if ω(t) ∈ F 1Ω2(M).
2. Let t, t′ ∈ Hgeom(M). A morphism u : t¯→ t¯′ in H(M) is called fibrewise flat, if
∇t′,t log u ∈ F 1Ω1(M) .
We now define a stack H[ on Mf sm/B as follows. Let M → B be an object of Mf sm/B.
1. An object t ∈ H[(M) is a fibrewise flat object in Hgeom(M).
2. A morphism u : t → t′ between fibrewise flat objects is a fibrewise flat morphism
u : t¯→ t¯′. The composition of morphisms in H[ is induced from the composition of
morphisms in H.
One now checks that the prestack given by this description is in fact a stack but this is
not essential for the rest of the argument, since we could alternatively replace it by its
stackification. By construction we have a diagram of stacks
Hgeom
##
H[
##
// H
{{
E
.
Lemma 5.4. H[ → E is a gerbe with band S1sm/B.
Proof. If M → B is an object in Mf sm/B, f ∈ E(M), and m ∈ M , then we must show
that there is an open neighbourhood V ⊆ M of m such that the fibre H[(V )/f|V is not
empty. Since H → E is a gerbe we can find an open neighbourhood V ⊆ M of m and
an object t¯ ∈ H(V )/f|V . After shrinking V if necessary there exists a lift t ∈ Hgeom(V ).
Then f ∗|V λ = dω(t) ∈ F 1Ω3(V ). After shrinking V further and using a foliated Poincare´
lemma we can find a form β ∈ Ω1(V ) such that ω(t) + dβ ∈ F 1Ω2(V ). Then
t+ β ∈ H[(V )/f|V .
We now show that two sections of H[ are locally isomorphic. Assume that t, t′ ∈ H[(M)/f
are two objects and m ∈ M . Let t¯, t¯′ ∈ H(M)/f be the projections. Since H → E is a
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gerbe there exists a neighbourhood U of m and an isomorphism u¯ : t¯|U → t¯′|U in H(U)/f|U .
We have
d∇t′,t log u = R∇t′,t = ω(t′|U)− ω(t|U) ∈ F 1Ω2(U) .
After shrinking U if necessary we can find a section α ∈ S1(U) such that
∇t′|U ,t|U log u+ d logα ∈ F 1Ω1(U) .
It follows that αu : t¯|U → t¯′|U is a flat morphism from t|U to t′|U .
We finally calculate the band of H[ → E. We fix t ∈ H[(M). Then we have a canonical
identification AutH(M)(t¯)/idf
∼= S1(M). An automorphism u ∈ AutH(M)(t¯)/idf is flat if
and only if u ∈ S1sm/B(M) ⊆ S1(M). Hence AutH[(M)(t)/idf ∼= S1sm/B(M). 2
In Theorem 2.7 we calculated the set Red(H → E). It is now a natural question how
this calculation is related with the construction of reductions via geometry given in 5.2.
The precise answer is given by the following proposition.
Theorem 5.5. We assume that pi : E → B is a proper submersion of smooth stacks and
that H → E is a gerbe with band S1.
1. The set Red(H → E) is not empty if and only if there exists a geometry on H with
curvature λ ∈ F 1Ω3(E).
2. Every element of Red(H → E) can be realized as the reduction determined by some
geometry according to Theorem 5.2.
Proof. If such a geometry exists, then we have constructed a reduction in Theorem 5.2.
Conversely, assume that a reduction exists. By Theorem 2.7 we have [H → E] ∈
H3(E;S1)0. We choose some geometry on the gerbe H → E with curvature λ ∈ Ω3(E).
Let λ¯ ∈ Ω3sm/B(E) denote the restriction (see Remark 5.1) of λ to Λ3Fsm/BE. We have
(with α as in (10))
0 = α([H → E])(b,U) = [λ¯](b,U) ∈ H3(pi−1(b, U);Rsm/B)
for all pointed objects (b, U) in Mf sm/B. As we have seen before in the proof of Theorem
2.7 this implies that [λ¯] = 0 ∈ H3(B;Rsm/B). Hence there exists a form α¯ ∈ Ω2sm/B(E)
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with dα¯ = λ¯. Let α ∈ Ω2(E) be any lift of α¯. Then
λ− dα ∈ F 1Ω3(E) .
We now change the geometry of H by adding −α to the curving. This provides a new
geometry such that λ ∈ F 1Ω3(E). This finishes the proof of 1.
Assume now that we have found one reduction
x =

H[

// H

E

∈ Red(H → E) . (26)
associated to some geometry. By Theorem 2.7 any other can be obtained from this by
shifting with a section γ ∈ R2pi∗Rsm/B(B). One can find a form α ∈ Ω2(E) whose restric-
tion α¯ ∈ Ω2sm/B(E) is closed and represents γ. Then we can shift the geometry by adding
α to the curving. The associated reduction is the shift x + γ ∈ Red(H → E). This can
be seen by an argument which is similar to that for Lemma 5.9 below. 2
Let H → E be a gerbe with band S1 which is equipped with a geometry with curving
λ ∈ F 1Ω3(E). According to Theorem 5.2 we get a reduction of the form (26). In the
study of T -duality the following condition plays an important role:
Definition 5.6. We say that H[ → E is fibrewise trivializable, if for each pointed object
(b, U) of Mf sm/B there exists a neighbourhood V ⊆ U of b such that the gerbe V ×BH[ →
V ×B E is trivializable.
Remark 5.7. The name ‘fibrewise trivializable’ is a bit misleading here since it suggests
that the restriction H[|Eb is a trivializable gerbe with band S
1,δ for every point b : ∗ → B of
B. But this condition does not even make sense, since in general the inclusion ιb : Eb → E
of the fibre of E over b is not a morphism in the site Mf sm/B since Eb → B is not a
submersion. The restriction H[|Eb → Eb could be understood as a gerbe over the band
ι∗bS
1
sm/B, but this would lead to a different notion and is not what we want.
The following theorem gives a geometric characterization of condition of fibrewise trivi-
alizability.
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Theorem 5.8. We adopt the assumptions of Theorem 5.2. We further assume that B is
connected and that V ×BH[ → V ×BE is trivializable for some object V → B of Mf sm/B.
Then H[ → E is fibrewise trivializable if and only if λ ∈ F 2Ω3(E).
Proof. Let (b, U) be a pointed object of Mf sm/B. The gerbe U ×B H[ → U ×B E is
classified by a class
κ := [U ×B H[ → U ×B E] ∈ H2(U ×B E;S1E/B) ∼= bR2pi∗S1sm/B(U) .
The long exact sequence for R∗pi∗ associated to (12) and the fact the R is flabby and
hence pi∗-acyclic provides isomorphisms
Rppi∗S1 ∼= Rp+1pi∗Z
for all p ≥ 1. From the short exact sequence
0→ S1sm/B → S1 → Ω1sm/B,cl → 0
we now get the exact sequence (see (14) for V2)
R2pi∗Z
γ→ V2 a→ R2pi∗S1sm/B β→ R3pi∗Z . (27)
The sheaf
V2 ∼= R1pi∗(Ω1sm/B,cl) ∼= H2(pi∗Ωsm/B)
(here we again use that Ω1E/B,cl → Ω≥1E/B[1]) is a flabby, and hence pi∗-acyclic resolution)
is the sheaf of sections of a real vector bundle with a natural flat connection ∇, the
Gauss-Manin connection.
Note that R3pi∗Z is locally constant. We consider a section κ ∈ R2pi∗S1sm/B(U). If the
stalk of β(κ) ∈ R3pi∗Z(U) vanishes in one point b ∈ U , then β(κ) vanishes in a whole
neighbourhood. We replace U by such a neighbourhood. In addition we will assume that
U is contractible. Then κ = a(ψ) for some section ψ ∈ V2(U). We can consider its
derivative
∇ψ ∈ (Ω1 ⊗C∞ V2)(U) .
Observe that the image of γ consists of parallel sections. If ψ is parallel and a(ψ)(b) = 0
for one point b ∈ U , then a(ψ) = 0. Conversely, if a(ψ) = 0, then ψ is parallel.
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In the rest of the proof we interpret the fact that ψ is parallel in terms of the condition
on the curvature form λ of the gerbe. We assume that the section κ ∈ R2pi∗S1sm/B(U)
corresponds to a reduction x as in (26). Let V ⊆ U be a neighbourhood of b such that
the gerbe V ×B H[ → V ×B E is trivializable and choose a section tV ∈ H[(V ×B E)
with image t¯ ∈ H(V ×B E). Since β(κ) = 0 and U is contractible we can assume that t¯V
extends to a section t¯ ∈ H(U ×B E). We can furthermore find a lift t ∈ Hgeom(U ×B E)/t¯,
not necessarily flat. If ω¯(t) ∈ Ω2sm/B(U×BE) denotes the restriction of ω(t) ∈ Ω2(U×BE)
to the vertical foliation Fsm/B(U ×B E), then we have dω¯(t) = 0 by our assumption on
the curvature λ of the geometry. Hence we get a class [ω¯(t)] ∈ H2(U ×B E;Rsm/B).
Lemma 5.9. We have κ = a([ω¯(t)]) ∈ H2(U ×B E;S1sm/B).
Proof. We can choose a sufficiently fine open covering U := (Ui)i∈I of U ×B E so that the
following argument works. For each i ∈ I there exists a form βi ∈ Ω1(Ui) which satisfies
dβ¯i = ω¯(t)|Ui , where again β¯ ∈ Ω1sm/B(Ui) is the restriction of β to the vertical foliation.
Then t|Ui − βi ∈ H[(Ui)/t|Ui .
Note that (β¯i − β¯j)|Ui∩Uj is closed. Hence we can choose a collection of sections αij ∈
S1(Ui ∩ Uj) indexed by pairs (i, j) ∈ I × I such that
d logαij − (βi − βj)|Ui∩Uj ∈ F 1Ω1(Ui ∩ Uj) .
Then
∇t+βj ,t+βi log(αijidt¯|Ui∩Uj ) ∈ F
1Ω1(Ui ∩ Uj) ,
In other words, fij := αijidt¯|Ui∩Uj is a morphism from (t + βi)|Ui∩Uj to (t + βj)|Ui∩Uj in
H[(Ui ∩ Uj)/t|Ui∩Uj over idt¯|Ui∩Uj for each pair (i, j) ∈ I2.
We form the Cˇech cocycle (cijk) ∈ C2(U , S1sm/B) by
cijk := fij ◦ fjk ◦ fki
= (αijαjkαkiidt¯, 0) ∈ AutH[(Ui∩Uj∩Uk→E)((t+ βi)|Ui∩Uj∩Uk)
∼= S1sm/B(Ui ∩ Uj ∩ Uk) .
By definition, the cocycle (cijk) represents the class κ ∈ H2(U ×B E, S1sm/B). On the
other hand, this class is by construction the image under a of the class [ω¯(t)] ∈ H2(U ×B
E,Rsm/B). 2
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By Lemma 5.9 we can take
ψ := [ω¯(t)] ∈ H2(Ω∗sm/B(U ×B E)) ∼= R2pi∗Rsm/B(U) .
We now use a connection on the bundle U ×B E → U in order to define horizontal lifts
Xh ∈ Γ(Eb′ , T (U ×B E)) of tangent vectors X ∈ Tb′U . The Gauss-Manin connection is
given by
∇Xψ = [LXhω(t)] = [ιXhd+ dιXhω(t)] = [ιXhdω(t)] , X ∈ Γ(U, TU)
and independent of the choice of the connection above. From dω(t) = λ we get
∇Xψ = [ιhXλ] .
We have λ ∈ F 2Ω3(U ×B E) if and only if ∇ψ is parallel. 2
6 Canonical construction of T -duality triples
Let T be a torus, i.e. an abelian Lie group isomorphic to (S1)n for some n ∈ N. We
consider a principal T -bundle E → B over some smooth stack B. In particular, E → B
is a proper submersion. Furthermore, we consider a gerbe H[ → E with band S1sm/B, see
(4).
Definition 6.1. On the site Mf sm/B we define the stack Hˆ
[ put a [ in order to save Hˆ
for the extension to S1. of fibrewise trivializations of H[ → E such that its evaluation on
(M → B) ∈Mf sm/B is the groupoid
Hˆ[(M) := H[(M ×B E) .
Since M → B and E → B are submersions, the induced map M ×B E → E → B is a
submersion, too. Therefore the stack H[ can be evaluated on this object.
We consider the factorization
Hˆ[
qˆ−→ Eˆ pˆi−→ B , (28)
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where Eˆ is the relative moduli stack of Hˆ[ → B. In the special case when B is a
manifold, the stack Eˆ is simply the sheaf of sets on Mf sm/B associated to the presheaf
pi0Hˆ
[ of isomorphism classes in Hˆ[. The main goal of the present section is to describe
the structure of the sequence (28).
We consider the dual torus
Tˆ := Hom(pi1(T, 1), S
1)
of T as a Lie group.
Theorem 6.2. We assume that the gerbe H[ → E is fibrewise trivializable (Definition
5.6). Then the projection pˆi : Eˆ → B is naturally a principal Tˆ -bundle and qˆ : Hˆ[ → Eˆ
has the structure of a gerbe with band S1
Eˆ/B
.
Proof. We consider a pointed object (b,M) in Mf sm/B. By Definition 5.6 there exists a
neighbourhood U ⊆ M of b such that the gerbe U ×B H[ → U ×B E is trivializable. We
consider t˜ = (U×BE → E) ∈ E(U×BE). It has a lift t ∈ H[(U×BE)/t˜ which represents
its isomorphism class t¯ ∈ Eˆ(U). This shows that Eˆ is not empty locally over B.
Lemma 6.3. There exists a natural identification of sheaves of abelian groups
ν : R1pi∗S1sm/B ∼= Tˆ . (29)
Proof. We use the exact sequence (15). Since the integral cohomology of T is torsion-free
we get a short exact sequence
0→ R1pi∗Z→ R1pi∗Rsm/B p→ R1pi∗S1sm/B → 0 .
In order to calculate R1pi∗Rsm/B we use the resolution (see Lemma 2.6)
Ω0sm/B → Ω1sm/B → Ω2sm/B → . . . .
We consider an object (M → B) ∈ Mf sm/B such that the bundle M ×B E → M
has a section s : M → M ×B E. Let ψ ∈ R1pi∗Rsm/B(M) be represented by ω ∈
Ω1sm/B,cl(M ×B E). Then we define
ν(p(ψ)) ∈ Tˆ (M) , ν(p(ψ))(m)([τ ]) = [
∫
S1
τ(m)∗ω] ∈ S1 .
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Here m ∈ M , ν(ψ)(m) ∈ Hom(pi1(T, 1), S1), and the path τ(m) : S1 → M ×B E is given
by τ(m)(t) := s(m)τ(t), where τ : S1 → T represents [τ ] ∈ pi1(T, 1). One checks that
ν(p(ψ))(m) is well-defined independently of the choice representatives ψ of p(ψ), τ of [τ ]
and the section s. 2
Since H[ → E is a gerbe with band S1sm/B the set of isomorphisms classes in the fibre
Hˆ[(M)→ Eˆ(M) is empty or naturally a torsor over the group H1(M ×B E;S1sm/B). The
sheafification of the presheaf
(M → B) 7→ H1(M ×B E;S1sm/B)
is naturally isomorphic to
Rpi1∗S
1
sm/B
(29)∼= Tˆ .
Since Eˆ is locally not empty over B we see that Eˆ → B is a principal Tˆ -bundle.
Let t ∈ Hˆ[(M) and t¯ ∈ Eˆ(M) be its image. Since H[ → E is a gerbe with band S1sm/B
and the fibres of M ×B E →M are connected we have
AutHˆ[(M)(t)/t¯
∼= S1sm/B(M ×B E) ∼= S1sm/B(M) .
This shows that qˆ : Hˆ[ → Eˆ is a again a gerbe with band S1sm/B. 2
Over E ×B Hˆ we have the tautological section univ. Hence we get a diagram of stacks
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on Mf sm/B:
H[ ×B Hˆ[
rˆ
&&rxx
H[ ×B Eˆ
&&zz
E ×B Hˆ[
qˆ
$$
univ
pp
xx
H[
q
$$
E ×B Eˆ
p
xx
pˆ
&&
Hˆ[
qˆ
zz
E
pi
''
Eˆ
pˆi
ww
B
. (30)
We call (30) the universal trivialization diagram.
We let H → E and Hˆ → Eˆ denote the gerbes obtained by extension of the band along
S1sm/B → S1, see the proof of Lemma 2.5. The tautological section induces a morphism
of gerbes with band S1
H ×B Eˆ
%%
E ×B Hˆuoo
yy
E ×B Eˆ
.
We get an induced diagram
H ×B Eˆ
%%||
E ×B Hˆ
qˆ
""
u
oo
yy
H
q
##
E ×B Eˆ
p
yy
pˆ
%%
Hˆ
qˆ
{{
E
pi
%%
Eˆ
pˆi
yy
B
. (31)
Definition 6.4. We call (31) the canonical T -duality diagram associated to the pair
H[ → E → B.
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Remark 6.5. One can check that the canonical T -duality diagram is the restriction to
Mf sm/B of a T -duality diagram in the sense of [BSS11, Definition 4.1.3]. If one interprets
gerbes with band S1 as twists, then by [BSS11, Lemma 4.1.5] equivalence classes T -duality
diagrams over a manifold B are in bijection with T -duality triples introduced in [BRS06,
Definition 2.8]. If B is a space, then the classification of S1sm/B- reductions of a gerbe
H → E with band S1 over a torus bundle E → B given in Theorem 2.7 fits completely
with the classification of T -duality triples over B given in [BRS06, Theorem 2.24].
Remark 6.6. In this remark we show how the Chern classes of the dual torus bundle Eˆ
depend on the choice of the reduction H[ of H. We fix an isomorphism T ∼= (S1)n and
a generator y ∈ H1(S1;Z). In this way we fix classes yi ∈ H1(T ;Z) for i = 1, . . . , n such
that H∗(T ;Z) ∼= Z[λ1, . . . , λn].
Let E → B be a principal T -bundle over a connected base and (Ep,qr , dr) be the associated
Leray-Serre spectral sequence. Then we can identify E0,12
∼= H1(T ;Z) and therefore view
the classes yi as elements of E
0,1
2 . The Chern classes of E → B are defined by
ci(E → B) := d2(yi) ∈ E2,02 ∼= H2(B;Z) , i = 1, . . . , n .
Our choices also fix dual generators yˆ ∈ H1(Tˆ ;Z) and therefore the Chern classes cˆi(Eˆ →
B) ∈ H2(B;Z), i = 1, . . . , n of a principal Tˆ -bundle Eˆ → B.
Let us fix a gerbe H → E with band S1. The underlying gerbe with band S1sm/B of
a reduction x ∈ Red(H → E) will be denoted by H[(x) → E. We assume that x ∈
Red(H → E)0 and consider a representative v ∈ V2Z(B) of a class [v] ∈ A0(E/B) in
the group defined in (13). By Theorem 2.9 we can form the reduction x′ := x + [v] ∈
Red(H → E)0. Finally we let Eˆ → B and Eˆ ′ → B denote the underlying principal Tˆ -
bundles obtained as T -duals associated to the reductions H[(x)→ E and H[(x+[v])→ E.
We define a collection of integers (Bij)1≤i<j≤n such that
v =
∑
1≤i<j≤n
Bij yi ∧ yj .
Proposition 6.7. We have
cˆk(Eˆ
′ → B)− cˆk(Eˆ → B) =
∑
1≤i<k
Bikci(E → B)−
∑
k<j≤n
Bkjcj(E → B) .
36
This follows from [BRS06, Theorem 2.24, 2.] 2
7 The transgression gerbe of the tautological K-bundle
In this section we give an illustration of the general constructions of the present paper by
working out an explicit example.
Let K be a compact connected semisimple Lie group with Lie algebra k. By LK we denote
its loop group, i.e. the group C∞(S1, K) of smooth maps from S1 to K (see Remark 4.1).
We fix a central extension
1→ S1 → L̂K → LK → 1 . (32)
The plan of this section is as follows:
1. We construct a tautological LK-principal bundle P˜ → K and obtain a lifting gerbe
H → K with band S1 by the construction of Section 4.
2. We show that the bundle P˜ → K has a canonical connection and splitting. We
therefore obtain a geometry on the lifting gerbe H → K by Theorem 4.3
3. Let T ⊆ K be a maximal torus. We consider K as the total space of a principal
T -bundle K → B over the flag manifold B := K/T . We use the geometry on the
lifting gerbe H → K in order to construct a reduction H[ → K by Theorem 5.2.
4. We finally investigate under which conditionsH[ → K is fibrewise trivializable in the
sense of Definition 5.6 so that we can form a T -duality triple using the construction
of Section 6.
In order to state our final result Theorem 7.1 we need the following construction. Since
T is abelian the exponential map exp : t → T is a homomorphism of groups. Its kernel
Λ := ker(exp) ⊂ t is called the integral lattice. We use the notion t 7→ [t] for the projection
R→ R/Z ∼= S1 and define the group homomorphism
Λ 3 λ 7→ γλ ∈ LK , γλ([t]) := exp(tλ) , t ∈ R . (33)
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We then define a central extension
0→ S1 → Λˆ→ Λ→ 0 (34)
of Λ as a pull-back of the central extension (32) along the homomorphism (33).
Theorem 7.1. For each central extension (32) of the loop group LK of a connected
semisimple compact Lie group K there is an associated geometric lifting gerbe H → K.
The construction of H → K is sketched in the points 1.-3. above and made precise
in the proof below. Its curvature is the unique bi-invariant three form in the respective
cohomology class in H3(K,R).
The geometry of H → K induces a reduction which is fibrewise trivial along the principal
T -bundle K → K/T if and only if the central extension (34) is trivial.
Proof.
1.
We start with the construction of P˜ → K by a specialization of a general construction
called transgression. Let
pi : P → E × S1
be a principal K-bundle over some stack E such that P is trivializable along the fibres of
the projection E ×S1 → E. Under this assumption we can define a principal LK-bundle
p˜i : P˜ → E ,
called the transgression of P → E × S1. By definition the evaluation P˜ (M) of the stack
P˜ on the object M ∈Mf is the groupoid P (M × S1)/idS1 .
Therefore, in order to construct the principal LK-bundle P˜ → K we must construct a
principal K-bundle P → K × S1 which is fibrewise trivializable. To this end we first
consider the trivial bundle
K ×K × R→ K × R , (h, g, t) 7→ (g, t) .
The structure of a principal K-bundle is given by the right action of the group K on the
first factor. The group Z acts on this bundle by
n · (h, g, t) := (gnh, g, t+ n) , n · (g, t) := (g, t+ n) , n ∈ Z .
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We define the principal K-bundle P → K × S1 by taking the quotient with respect to
this Z-action. Since K is connected the bundle P → K × S1 is trivializable along the
fibres of the projection K × S1 → K.
Let P˜ → K be the transgression of P and H → K be the associated lifting gerbe with
band S1.
Remark 7.2. A point p˜ ∈ P˜ in the fibre over g ∈ K is a twisted loop in K, i.e. a map
p˜ : R→ K such that p˜(t+ n) = g−np˜(t) for all t ∈ R and n ∈ Z.
2.
Our next task is to describe an essentially canonical connection and a splitting for P˜ → K
in the sense of Definition 4.2. It will be derived from a connection α on P → K × S1 by
the following construction.
We again start with the more general case of the transgression p˜i : P˜ → E of a bundle
pi : P → E×S1. In addition, we assume that we are given a connection on P represented
by a connection one-form
α ∈ Ω1(P )⊗ k .
We then obtain an induced connection on P˜ → E with a connection one form
α˜ ∈ Ω1(P˜ )⊗ Lk .
In order to describe α˜, using an atlas of E, we can assume that E is a manifold. Let
b ∈ E and P˜b ∼= Γ({b}×S1, P ) be the fibre of P˜ over b. Note that for a section p˜ ∈ P˜b we
have an identification
Tp˜P˜ ∼=
{
X˜ ∈ Γ(S1, p˜∗TP ) |
(
∃X ∈ TbE ∀t ∈ S1 | d(prE ◦ pi)(X˜(t)) = X
)}
.
With this notation dp˜i(X˜) = X. The form α˜ is given by
α˜(X˜)(t) = α(X˜(t)) , t ∈ S1 ,
where we adopt the identification Lk ∼= C∞(S1, k).
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Following [Gom03] and [Wal11] we now describe the splitting. First of all, the connection
α gives a map
Aα : P˜ → Lk , Aα(p˜) := (p˜∗α)(∂t)
which is sometimes called the Higgs field, see [Gom03, Definition 6.5], [MS03, Equation
(15)].
We fix a vector space split σ : L̂k→ R of the extension of Lie algebras
0→ R→ L̂k a→ Lk→ 0 . (35)
The structure of central extensions of loop groups of compact Lie groups is well-known
[PS86]. In particular, by [PS86, Proposition 4.2.4] we can assume that the cocycle
Kσ ∈ Λ2Lk∗ , Kσ(X, Y ) := σ([0⊕σ X, 0⊕σ Y ]) , X, Y ∈ Lk
is of the form
Kσ(X, Y ) =
∫
S1
〈dX, Y 〉
for a uniquely determined symmetric invariant bilinear form
〈. . . , . . . 〉 : k⊗ k→ R . (36)
This compares well with [Gom03, Equation (37)]. The following Lemma is taken from
[Gom03, Propositions 6.1 and 6.2].
Lemma 7.3 (Gomi). The connection α˜ provides a canonical reduced splitting (see (20))
by
lσ(p˜, X) :=
∫
S1
〈Aα(p˜), X〉 dt . (37)
We let L denote the splitting given by lσ and (22).
Therefore, in order to define a connection α˜ and a splitting for P˜ → K we must define a
connection α on P → K×S1. We first define a Z-invariant connection on the principal K-
bundle K×K×R→ K×R. We choose a function χ ∈ C∞([0, 1]) which is constant near
the endpoints of the interval and satisfies χ(0) = 0 and χ(1) = 1. Recall that we denote
points in K×K×R by (h, g, t). We use the suggestive notation dgg−1, h−1dh ∈ Ω1(K)⊗k
for the left- and right invariant Maurer-Cartan forms and hXh−1 for Ad(h)(X), h ∈ K,
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X ∈ k. Then we let
α ∈ Ω1(K ×K × [0, 1])⊗ k
be given by
α : h−1dh− χ(t)h−1dgg−1h .
This is a connection one-form on the bundle K × K × [0, 1] → K × [0, 1] which can be
extended to a Z-invariant connection one-form on K ×K × R→ K × R. In this way we
get the connection α on the quotient P → K × S1.
By the general construction explained above we get an essentially canonical connection
α˜ and a splitting L for P˜ → K. The only choice is that of the cut-off function χ which
turns out to be irrelevant in the following. We get an induced geometry on the lifting
gerbe H → K by Theorem 4.3.
3.
We now consider the T -principal bundle K → K/T = B. We want to construct a
reduction of the gerbe H → K with band S1 to a gerbe H[ → K with band S1sm/B using
Theorem 5.2. To this end we must check that the curvature λ of the geometry of H → K
satisfies λ ∈ F 1Ω3(K).
Hence we must calculate the curvature of the geometric gerbe H → K. The invariant
symmetric bilinear form 〈. . . , . . . 〉 on k induces an element
c ∈ (Λ3k∗)K , c(X, Y, Z) := 〈[X, Y ], Z〉 , X, Y, Z ∈ k .
Lemma 7.4. The curvature λ ∈ Ω3(K) of the canonical geometry on the lifting gerbe
H → K is the bi-invariant three-form on K determined by c.
Proof. Let Ω(α) ∈ Ω2(P ) ⊗ k denote the curvature form of α. By a direct calculation,
the horizontal derivative of Aα evaluated at X˜ ∈ Tp˜P˜ is given by
(dhAα)(p˜)(X˜)(t) = Ω(α)(X˜(t), dp˜(t)(∂t)) , t ∈ S1 . (38)
Using (38), (37) and (25) we can calculate the curvature of the gerbe. Let Xi ∈ k for
i = 1, 2, 3, k ∈ K and let kXi ∈ TkK be the corresponding tangent vectors. We write
(k, t)Xi, (k, t)∂t ∈ T(k,t)(K × S1) for the corresponding tangent vector at K × S1 and
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abbreviate Ω := Ω(α).
λ(kX1, kX2, kX3) =
1
2
∑
σ∈Σ3
sign(σ)
∫
S1
〈Ω((k, t)Xiσ(1) , (k, t)∂t),Ω((k, t)Xiσ(2) , (k, t)Xiσ(3))〉.
(39)
By a direct calculation we get
Ω = −dχ ∧ Ad(h−1)dgg−1 + (χ2 − χ)Ad(h−1)[dgg−1, dgg−1] .
This gives∫ 1
0
〈Ω((k, t)Xi1 , (k, t)∂t),Ω((k, t)Xi2 , (k, T )Xi3)〉 = 2
∫ 1
0
χ′(t)(χ2(t)− χ(t))dt 〈Xi1 , [Xi2 , Xi3 ]〉
= −1
3
c(Xi1 , Xi2 , Xi3)
This formula implies the assertion. 2
Corollary 7.5. We have λ ∈ F 1Ω3(K).
Proof. The bundle pi : K → K/T admits a left action of K. Note that λ is left invariant.
The torus T is a particular fibre of the bundle K → B. If λ|T = 0, then λ|kT = 0 for
all k ∈ K and hence λ ∈ F 1Ω3(K). Since t is abelian, we have c|Λ3t = 0. This implies
λ|T = 0. 2
By Corollary 7.5 and Theorem 5.2 we can define a reduction H
[ //
  
H
~~
K
 ∈ Red(H → K)
This finishes the proof of the first part of the Theorem.
4.
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For the second assertion of the Theorem we analyse when the reduction H[ → K con-
structed in step 3. is fibrewise trivializable. First we check the condition on the curvature
assumed in Theorem 5.8.
Lemma 7.6. We have λ ∈ F 2Ω3(K).
Proof. We again use that the bundle pi : K → B is left invariant and that λ is invariant.
Hence we must check, that ιXιY λ = 0 for X, Y ∈ TeT . This is equivalent to the condition
that c(X, Y, Z) = 0 for X, Y ∈ t and Z ∈ k. But this is clear since c(X, Y, Z) = 〈[X, Y ], Z〉
and t is abelian. 2
Next we reduce the question whether H[ → K is fibrewise trivializable to the question
on the maximal torus.
Lemma 7.7. If there exists a section t ∈ Hgeom(T ) with ω(t) = 0, then there exists a
neighbourhood V ⊆ B of [T ] ∈ B such that H[|pi−1(V ) → pi−1(V ) is trivial.
Proof. We choose a contractible neighbourhood V ⊆ B of [T ]. There exists a section
tˇ ∈ Hgeom(pi−1(V )) such that tˇ|T = t. Since λ ∈ F 2Ω3(K) by Corollary 7.5 we conclude
that dω(tˇ)|pi−1(b) = 0 for all b ∈ B. Moreover, since V is connected and ω(tˇ)|T = 0 we
conclude as at the end of the proof of Theorem 5.8 that [ω(tˇ)|pi−1(b)] = 0 ∈ H2(pi−1(b);R)
for all b ∈ V . Hence we can find a form β ∈ Ω1(pi−1(V )) such that ω(tˇ)|pi−1(b) = dβ|pi−1(b).
We now obtain a new section tˇ − β ∈ Hgeom(pi−1(V )) such that ω(tˇ − β) = 0. Hence
tˇ− β ∈ H[(pi−1(V )) is the required section. 2
The combination of the following Lemma with Lemma 7.7 and Theorem 5.8 clearly implies
the second assertion of Theorem 7.1.
Lemma 7.8. There exists a section t ∈ Hgeom(T ) with ω(t) = 0 if and only if the central
extension (34) is trivial.
Proof. We use the fact that there exists a section t ∈ Hgeom(T ) with ω(t) = 0 if and
only if there exists a possibly different section t ∈ Hgeom(T ) such that [ω(t)] ∈ H2(T ;R)
is integral. In the following argument we show that such a section exists if and only if
the central extension (34) is trivial. We will further use that if [ω(t)] is integral for some
section t ∈ Hgeom(T ), then it is so for every section.
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The idea is first to construct a section t¯ ∈ H(T ) and then discuss the obstruction to lift
it to section t ∈ Hgeom(T ) such that [ω(t)] ∈ H2(T ;R) is integral. By the definition of
a lifting gerbe in Section 4, a section t¯ ∈ H(T ) is a L̂K-reduction of the LK-principal
bundle P˜|T → T . In order to construct such a reduction we use the fact that a trivial LK
principal bundle has a canonical L̂K-reduction. Unfortunately P˜|T → T is non-trivial,
but its pull-back along the exponential map is so. In order to fix the section t¯ we must fix
a trivialization of this pull-back such that the associated canonical L̂K-reduction descents
to T .
In detail this construction goes as follows. We consider the composition φ : t
exp→ T → K
of the exponential map and the inclusion. The principal K-bundle (φ×idS1)∗P → t×S1
can be trivialized. In order to fix a trivialization we consider the section defined by
s(u, [t]) := [exp(tu), exp(u), t] , t ∈ R , u ∈ t ,
where [t] ∈ S1 ∼= R/Z denotes the class of t ∈ R, and [g, h, t] ∈ P denotes the point
represented by (h, g, t) ∈ K × K × R. The trivialization of (φ× idS1)∗P induces a
trivialization of the principal LK-bundle φ∗P˜ → t. The corresponding section is given by
s˜(u)([t]) = [exp(tu), exp(u), t] , u ∈ t , t ∈ R .
We let
Pˇ → φ∗P˜
be the canonical L̂K-reduction associated to this trivialization. It has a section sˇ which
lifts the section s˜.
We now show that the canonical L̂K-reduction descents to T . We have an action of Λ
on φ∗P given by λ · (u, [h, g, t]) = (u + λ, [h, g, t]) (note that g = exp(u)). This action
naturally induces an action of Λ on φ∗P˜ , and we have an identification φ∗P˜ /Λ ∼= P˜|T .
The action of Λ on φ∗P does not preserve the section s˜. Indeed we have
s˜(u+ λ)([t]) = [exp(t(u+ λ)), exp(u+ λ), [t]] = (s˜(u)γλ)([t]) .
In terms of the section s˜ the action of Λ on φ∗P˜ can be described in the form
λ · s˜(u)` = s˜(u+ λ)γ−1λ ` , u ∈ t , ` ∈ LK , λ ∈ Λ (40)
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In a similar way we want to describe a lift of this action to Pˇ using the section sˇ.
In the following we implicitly use the natural embedding Λˆ ↪→ L̂K. The choice of a
set-theoretic split τ0 : Λ → Λˆ determines an antisymmetric bi-additive map (also called
the commutator map)
b : Λ× Λ→ S1 (41)
by
b(λ, µ) = τ0(λ)
−1τ0(µ)−1τ0(λ)τ0(µ) , λ, µ ∈ Λ . (42)
We can choose an antisymmetric bilinear form B : t× t→ R such that
[B(λ, µ)]R/Z = b(λ, µ) , ∀λ, µ ∈ Λ . (43)
By the general theory of central extensions of free abelian groups of finite rank it is now
possible to find another split τ : Λ→ Λˆ such that
τ(λ)τ(µ) = τ(λ+ µ)[
1
2
B(λ, µ)] , ∀λ, µ ∈ Λ , (44)
i.e.
Λ× Λ 3 (λ, µ) 7→ [1
2
B(λ, µ)] ∈ S1
is the cocycle of (33) w.r.t the split τ . One can check that the following formula defines
an action of Λ on Pˇ which covers the action on φ∗P˜ :
λ · sˇ(u)ˆ` := sˇ(u+ λ)τ(λ)−1[1
2
B(u, λ)]ˆ` , λ ∈ Λ, u ∈ t , ˆ`∈ L̂K . (45)
The quotient Pˆ := Pˇ /Λ → T is a L̂K-reduction of P˜|T → T and therefore a section
t¯ ∈ H(T ).
We now refine the section t¯ to a section t ∈ Hgeom(T ) by choosing a connection αˆ on Pˆ
which lifts α˜. We start with the connection one-form
s˜∗α˜ ∈ Ω1(t)⊗ Lk
for φ∗P˜ pulled back by the section s˜. It follows from (40) that it satisfies
λ∗s˜∗α˜ = Ad(γ−1λ )s˜
∗α˜ , λ ∈ Λ . (46)
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We want to describe the connection αˆ on Pˆ in a similar way by providing the form
sˇ∗αˆ ∈ Ω1(t) ⊗ L̂k which must satisfy a(sˇ∗αˆ) = s˜∗α˜ with a as in (35). The analog of the
equivariance condition (46) follows from (45) and is given by
(λ∗sˇ∗αˆ)(u)(X) = Ad(τ(λ)−1)sˇ∗αˆ(u)(X) +
1
2
B(X,λ) , λ ∈ Λ , u,X ∈ t .
These conditions are satisfied if we define αˆ such that
sˇ∗αˆ := (−lσ(s˜, s˜∗α˜) + αB)⊕σ s˜∗α˜ ∈ Ω1(t)⊗ L̂k ,
where αB ∈ Ω1(t) is given by αB(u)(X) = 12B(X, u). In this way we have defined a section
t = (t¯, αˆ) ∈ Hgeom(T ) which lifts t¯.
We now calculate the curving using using (24). We obtain ω(t) = B, where we interpret
B as an invariant two-form on T . We conclude that [ω(t)] is integral if and only if b = 1,
i.e. if the central extension of Λ is trivial. This finishes the proof of Lemma 7.8 and hence
of Theorem 7.1. 2
Remark 7.9. In this remark we show that the condition of Theorem 7.1 might be non-
trivial. If K is simply connected and simply laced, then it has been shown in [PS86, 4.8.1]
that the commutator map (41) satisfies
b = [
1
2
〈. . . , . . . 〉]R/Z ,
where 〈. . . , . . . 〉 is the pairing (36). If we take the basic central extension of a simply
connected, simply laced group K of rank ≥ 2 like SU(n), n ≥ 3, then the condition of
Lemma 7.8 is not satisfied. In fact, since K is simply connected, the integral lattice Λ
coincides with the coroot lattice, and there exist two coroots Hα, Hβ ∈ Λ with 〈Hα, Hβ〉 =
1 and hence b(Hα, Hβ) = [
1
2
] 6= 0.
More generally, the results [TL99, Theorem 3.2.1 and Theorem 3.5.1] show that given
an invariant symmetric bilinear form 〈. . . , . . . 〉 on k and a map b : Λ2Λ → S1 such that
〈Hα, Hβ〉 ∈ Z for all pairs of fundamental coroots Hα, Hβ ∈ t and b(λ,Hα) = [12〈λ,Hα〉]
for all λ ∈ Λ and coroots Hα there exists a central extension (32) yielding the map b via
(42). This provides more examples.
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Remark 7.10. If the condition of Lemma 7.8 is not satisfied, then the canonical geometry
on the lifting gerbe H → K gives a reduction H[ → K whose restriction to the fibres
of K → K/T is nontrivial. Of course, one could check using Theorem 2.9 that the set
Red(H → K)0 is not-empty. In view of Theorem 5.5 (2), in order to get a reduction
which is trivial on the fibres of K → K/T , one must modify the geometry by a two-form
which is fibrewise closed but not exact. Such a form cannot be closed since H2(G;R) = 0.
Hence this modification of the geometry necessarily changes the curvature which then can
no longer be bi-invariant.
Remark 7.11. The calculation above has an interpretation in terms of differential co-
homology. In particular we can express the extension (34) solely in terms of the class of
β([H → K]) ∈ H3(K;Z) and calculations in differential integral cohomology as we will
outline now.
We consider a class
x ∈ H3(K;Z) .
We have an isomorphism
(Λ3k∗)K ∼= Ω3(K)K×K ∼= H3(K;Rδ) .
There is a unique element cx ∈ (Λ3k∗)K such that the corresponding form λx ∈ Ω3(K)K×K
represents the image of x in H3(K;Rδ). There is a uniquely determined invariant pairing
〈. . . , . . . 〉x ∈ S2k∗ such that
cx(X, Y, Z) = 〈[X, Y ], Z〉x , X, Y, Z ∈ k . (47)
The basic structure of differential cohomology [CS85] provides the exact sequence
H2(K;Rδ) a→ ĤZ3(K) (I,R)→ H3(K;Z)×H3(K;Rδ) Ω3cl(K)→ 0 .
Since H2(K;Rδ) = 0 there exists a unique class xˆ ∈ ĤZ3(K) such that I(xˆ) = x and
R(xˆ) = λx.
We consider a maximal torus T ⊆ K. By Lemma 7.5 we know that λx|T = 0. We have
an exact sequence
0→ H2(T ;S1δ)→ ĤZ3(T ) R→ Ω3cl(T ) .
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Therefore we can consider xˆ|T ∈ H2(T ;S1δ). The universal coeffficient theorem gives an
isomorphism
H2(T ;S1
δ
) ∼= Hom(H2(T ;Z);Z) ∼= Hom(Λ2Λ, S1) .
We write
bx : Λ
2Λ→ S1
for the map determined by xˆ|T .
We have a natural isomorphism
Ext(Λ, S1) ∼= Hom(Λ2Λ, S1) ,
where Ext(Λ, S1) is the group of central extensions of Λ by S1. In the following let us
describe this identification. Given a central extension Λˆ we obtain the homomorphism
b : Λ2Λ → S1 by the formula (42) using a set-theoretic split τ0 : Λ → Λˆ. On the other
hand, given a map b : Λ2Λ→ S1 we choose a linear map B : Λ2t→ R satisfying (43) and
define a central extension Λˆ by defining the product on S1 × Λ by
(s, γ) · (t, µ) = (s+ t+ [1
2
B(γ, µ)], γ + µ) , s, t ∈ S1 , γ, µ ∈ Λ
(compare with (44)).
The construction explained above thus associates to a class x ∈ H3(K;Z) a central
extension class bx ∈ Ext(Λ, S1). Recall that central extension (32) determines a lifting
gerbe H → K as above and therefore a class [H → K] ∈ H2(K;S1).
Corollary 7.12. The extension class bβ([H→K]) ∈ Ext(Λ, S1) is equal to the isomorphism
class b ∈ Ext(Λ, S1) of the extension (34).
Proof. For x := β([H → E]) ∈ H3(K,Z) we have cx = c, λx = λ and 〈. . . , . . . 〉x =
〈. . . , . . . 〉, where the left-hand sides are defined using the canonical geometry on H → K
as above. If we choose a geometry on the gerbe H → K with curvature λ, then the
resulting geometric gerbe is classified by the lift xˆ ∈ ĤZ3(K). Note that H|T → T is flat
and trivializable. The class xˆ|T is the class of [ω(t)] ∈ H2(T ;Rδ)/H2(T ;Z) ∼= H2(T ;S1δ)
for every choice of section t ∈ Hgeom(T ). In the proof of Lemma 7.8 we have constructed
a section such that ω(t) ∈ Ω2cl(T )T is the invariant closed form on T determined by
B : Λ2t→ R satisfying (43). It follows that bx = b. 2
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8 Topological T -duality and Langlands duality
The paper [Dv12] considers the torus bundle K → K/T for a compact Lie group K and
its maximal torus T equipped with a twist H → K, i.e. exactly the situation discussed in
Section 7. It studies the question under which conditions it is T -dual to the corresponding
bundle with twist for the Langlands dual group KL.
The notion of T -duality used [Dv12, Definition 3.2] slightly differs from the integral def-
inition of topological T -duality in terms of T -duality triple in [BRS06]. The concept in
[Dv12, Definition 2.10] follows [BHM04] and is based on differential forms. In the pres-
ence of torsion in the integral cohomology it may differ from our integral definition. The
definition of T -duality in [Dv12] is sufficient for the T -duality isomorphism in twisted co-
homology, but in order to ensure a T -duality isomorphism in twisted K-theory one needs
the integral version.
Our goal in the present section is to provide an integral refinement of the results in [Dv12].
In Theorem 8.5 we precisely describe the isomorphism classes of the gerbe H → K and
its reduction H[ → K which yields the Langlands dual group KL as T -dual. Apparently
we get a more general result since we only have to exclude simple factors of type B and
C, while in [Dv12] only factors of types ADE are allowed.
We consider a compact semisimple Lie group K with maximal torus T . We exclude torus
factors in order to simplify the presentation, but the theory extends smoothly to this more
general case. The group K is the total space of a T -principal bundle over the flag variety
B := K/T . First we collect some facts about the topology of the flag variety.
Fact 8.1. 1. The flag variety B is simply connected.
2. H∗(B;Z) is torsion-free [BS55].
3. We have H1(B;Z) = 0 and H3(B;Z) = 0 [DZ08].
Let K˜ → K be the universal covering. Then T˜ → T denotes the corresponding covering
of maximal tori. We add a symbol ˜ to all objects associated to K˜. There is a natural
diffeomorphism B ∼= K˜/T˜ . We have a natural identification Λ˜∗ ∼= H1(T˜ ;Z) where Λ˜∗ ⊆ t∗
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denotes the lattice of integral weights. We now consider the Leray-Serre spectral sequence
(E˜p,qr , d˜r) of the bundle K˜ → B. The differential of the second page induces a map
b : Λ˜∗ ∼= H1(T˜ ;Z) ∼= E˜0,12 d˜2→ E˜2,02 ∼= H2(B;Z) .
It extends to a map of commutative algebras
b : S∗(Λ˜∗)→ Heven(B;Z) .
Let S2(Λ˜∗)W ⊆ S2(Λ˜∗) denote the subalgebra of Weyl invariant quadratic polynomials.
The following facts follow from the calculations in [DZ08].
Fact 8.2. 1. The map b : Λ˜∗ → H2(B;Z) is an isomorphism.
2. The map b and the ring structure on Heven(B;Z) induce an isomorphism
S2(Λ˜∗)/S2(Λ˜∗)W → H4(B;Z) .
We now consider the Leray-Serre spectral sequence (Ep,qr , dr) of the bundle K → B. We
have an identification Λ∗ ∼= H1(T ;Z) ∼= E0,12 . By F ∗H∗(K;Z) we denote the associated
decreasing filtration. The edge sequence represents H3(K;Z) as the cohomology of the
complex
Λ2(Λ∗) d2→ Λ∗ ⊗ Λ˜∗ d2→ S2(Λ˜∗)/S2(Λ˜∗)W ,
where the differentials are given by d2(α∧β) = β⊗ι∗(α)−α⊗ι∗(β) and d2(α⊗β) = ι∗(α)β,
and where we use the map ι∗ : Λ∗ → Λ˜∗ which is dual to ι : Λ˜→ Λ.
Corollary 8.3. We have H3(K;Z) = F 2H3(K;Z). In particular, all classes in H3(K;Z)
are T -dualizable in the sense of [BRS06].
Equivalently, using the isomorphism H3(K;Z) ∼= H3(K;Z), for every gerbe H → K
with band S1 the set Red(H → K)0 is not empty by Corollary 2.8. For every choice of
reduction in Red(H → K)0 we get a canonical T -dual Hˆ → Kˆ → B as the right-hand
side of the canonical T -duality diagram introduced in Definition 6.4.
The classification of elements in Red(H → E)0 is given in the second part of Theorem
2.9. For the present purpose we use the equivalent, but more explicit result [BRS06,
Theorem 2.24]. As above we identify Λ∗ ⊗ Λ˜∗ ∼= Hom(Λ, Λ˜∗) ∼= E2,12 . Let h ∈ H3(K;Z)
50
be the class of a gerbe H → K with band S1. In the following we specialize [BRS06,
Theorem 2.24] using in particular the fact that H3(B;Z) = 0.
Theorem 8.4 ([BRS06]). The extension of the pair (K → B, h ∈ H3(K;Z)) to a T -
duality triple, or equivalently, an element in Red(H → K)0, is determined by the choice
of a representative u ∈ Hom(Λ, Λ˜∗) of the class h. In particular, the Chern classes of the
T -dual T -bundle Kˆ → B are the generators of the image u(Λ) ⊆ Λ˜∗ of u.
We refer to [Dv12, Section 2] for a short introduction to Langlands duality. By kL we
denote the Langlands dual of the Lie algebra k. We now assume that no simple factor of k
is of type BC. Then there exists an isomorphism of Lie algebras φ : k→ kL. Its restriction
to t preserves integrality. Consequently, φ induces an isomorphism φ∗|Λ˜L,∗ : Λ˜
L,∗ → Λ˜∗.
Langlands duality yields an inclusion λ : Λ ∼= ΛL,∗ → Λ˜L,∗. We define
u := φ ◦ λ : Λ→ Λ˜∗ . (48)
Theorem 8.5. The map defined in (48) is a cycle. The total space of the associated
T -dual is the Langlands dual group KL.
Proof. Note that d2(u) ∈ S2(Λ˜∗)/S2(Λ˜∗)W is represented by the bilinear form (X, Y ) 7→
u(X)(Y ), X, Y ∈ Λ˜. Since u is Weyl invariant, this bilinear form is Weyl invariant, too.
Hence u is a cycle.
The map φ induces a diffeomorphism of flag varieties B(φ) : B = B(k)→ B(kL) which we
use to view KL as a TL-principal bundle over B. Up to diffeomorphism the total space
of the torus bundle KL → B is determined by the image of dL2 : EL,0,12 → EL,2,02 . As
before we identify this map with the map ΛL,∗ ↪→ Λ˜L,∗, where (EL,p,qr , dLr ) is the Leray-
Serre spectral sequence of KL → B. Pulling back by φ we get the inclusion of lattices
φ∗|t(Λ
L,∗) ↪→ Λ˜∗. Now note that ΛL,∗ = λ(Λ). 2
The observation that one can get the Langlands dual group KL of K by T -duality is
the basis for more interesting question. For example, how can one describe the group
structure on KL in terms of data on K if one realizes KL as the moduli stack of fibrewise
trivialization of a reduced gerbe H[ → K?
51
9 A technical result
Let G : G1 ⇒ G0 be a Lie groupoid which acts properly on a vector bundle V → M .
Then we get a morphism of action groupoids
(G1 ×G0 V ⇒ V )→ (G1 ×G0 M ⇒M) .
Taking nerves we obtain the simplicial vector bundle
V • →M• .
We denote a point in Mp by (γ1, . . . , γp−1,m). The face maps ∂i of M• are given by
(γ1, . . . , γp,m) 7→

(γ2, . . . , γp,m) i = 0
(γ1, . . . , γiγi+1, . . . , γp,m) i = 1, . . . , p− 1
(γ1, . . . , γpm) i = p
,
and similarly for V •. From now we will implicitly use the canonical identification of fibres
V pγ1,...,γp,m
∼= Vm for (γ1, . . . , γp,m) ∈Mp. Thus for a section f : Mp → V p we have
f(γ1, . . . , γp,m) ∈ Vm .
This identification will be important for the correct interpretation of formula (49). We
set dif := ∂
∗
i f where the pullback of sections involves the groupoid action on V . In detail
we have
(dif)(γ1, . . . , γp+1,m) =

f(γ2, . . . , γp+1,m) i = 0
f(γ1, . . . , γiγi+1, . . . , γp+1,m) i = 1, . . . , p
γ−1p+1f(γ1, . . . , γp, γp+1m) i = p+ 1
.
We consider the complex
(C∞(M•, V •), d) , d :=
p+1∑
i=0
(−1)idi : C∞(Mp, V p)→ C∞(Mp+1, V p+1) .
Lemma 9.1. We have Hp(C∞(M•, V •), d) = 0 for p ≥ 1.
Proof. Since the groupoid G1 ⇒ts G0 is locally compact we can choose a smooth Haar
system (λg)g∈G0 . Here λg is a measure on Gg := t−1(g) such that γ−1∗ λ
t(γ) = λs(γ) for all
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γ ∈ G1.
Since the action groupoid G1 ×G0 M ⇒µpr M is proper by [Tu99, Prop. 6.11] there exists
a function χ ∈ C∞(M) such that t : supp(µ∗χ)→ G0 is proper and∫
Gr(m)
χ(γ−1m)dλr(m)(γ) = 1
for all m ∈M , where r : M → G0 is the structure map.
Let p ≥ 0 and f ∈ C∞(Mp+1, V p+1) be a cycle. Then we define h ∈ C∞(Mp, V p) by
h(γ1, . . . , γp−1,m) :=
∫
Gs(γp−1)
χ(γ−1m)γf(γ1, . . . , γp−1, γ, γ−1m)dλs(γp−1)(γ) . (49)
Since f is a cycle we have
0 = γf(γ2, . . . , γp, γ, γ
−1m)
+
p−1∑
i=1
(−1)iγf(γ1, . . . , γiγi+1, . . . , γp, γ, γ−1m)
+(−1)pγf(γ1, . . . , γp−1, γpγ, γ−1m) + (−1)p+1f(γ1, . . . , γp−1,m) .
Employing this formula in the equality marked by !! and the invariance of the Haar system
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in the equality marked by ! we calculate
(dh)(γ1, . . . , γp,m)
= h(γ2, . . . , γp,m)
+
p−1∑
i=1
(−1)ih(γ1, . . . , γiγi+1, . . . , γp,m)
+(−1)pγ−1p h(γ1, . . . , . . . , γp−1, γpm)
=
∫
Gs(γp)
χ(γ−1m)γf(γ2, . . . , γiγi+1, . . . , γp, γ, γ−1m)dλs(γp)(γ)
+
p−1∑
i=1
(−1)i
∫
Gs(γp)
χ(γ−1m)γf(γ1, . . . , γiγi+1, . . . , γp, γ, γ−1m)dλs(γp)(γ)
+(−1)p
∫
Gs(γp−1)
χ(γ−1γpm)γ−1p γf(γ1, . . . , . . . , γp−1, γ, γ
−1γpm)λs(γp−1)(γ)
!
=
∫
Gs(γp)
χ(γ−1m)γf(γ2, . . . , γiγi+1, . . . , γp, γ, γ−1m)dλs(γp)(γ)
+
p−1∑
i=0
(−1)i
∫
Gs(γp)
χ(γ−1m)γf(γ1, . . . , γiγi+1, . . . , γp, γ, γ−1m)dλs(γp)(γ)
+(−1)p
∫
Gs(γp)
χ(γ−1m)γf(γ1, . . . , . . . , γp−1, γpγ, γ−1m)λs(γp)(γ)
!!
= (−1)p
∫
Gs(γp)
χ(γ−1m)f(γ1, . . . , γp,m)λs(γp)(γ)
= (−1)pf(γ1, . . . , γp,m) ,
i.e.
dh = (−1)pf .
2
10 Conventions
Since some of the calculations are sensitive for the choice of normalizations in the Cartan
calculus in the following we list the conventions used in the present paper.
1. (dω)(X, Y ) = Y ω(X)−Y ω(X) for a one form ω and vector fields X, Y with [X, Y ] =
0
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2. (dω)(X, Y, Z) = Xω(Y, Z) − Y ω(X,Z) + Zω(X, Y ) for a three form ω and vector
fields X, Y, Z with [X, Y ] = [Y, Z] = [X,Z] = 0
3. (α ∧ β)(X, Y ) = α(X)β(Y ) − α(Y )β(X) for two one forms α, β and vector fields
X, Y .
4. The curvature of a connection α on a principal bundle is given by Ω = dα+ [α∧α],
i.e.
Ω(X, Y ) = Xα(Y )− Y α(X) + 2[α(X), α(Y )]
for commuting vector fields X, Y .
5. We identify S1 ∼= R/Z. This induces the identification of its Lie algebra with R.
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